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SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES
ZAVOSH AMIR-KHOSRAVI
Abstract. Given a polarized abelian scheme with action by a ring, and a projective finitely pre-
sented module over that ring, Serre’s tensor construction produces a new abelian scheme. We show
that to equip these abelian schemes with polarizations it’s enough to equip the projective modules
with non-degenerate positive-definite hermitian forms. As an application, we relate certain moduli
spaces of principally polarized abelian schemes with action by the ring of integers of a CM field.
More specifically, we consider integral models of zero-dimensional Shimura varieties associated to
compact unitary groups. We show that all abelian schemes in such moduli spaces are, e´tale locally
over their base schemes, Serre constructions of CM abelian schemes with positive-definite hermitian
modules. We also describe the morphisms between such objects in terms of morphisms between the
constituent data, and formulate these relations as an isomorphism of algebraic stacks.
Introduction
Let R be a ring, possibly non-commutative, and free of finite rank over Z. Let (A, ι) be an
abelian scheme A over a base S, with an injective ring homomorphism ι : R →֒ EndS(A) giving
an R-action on A. Take M to be a projective finitely presented right R-module. Serre’s tensor
construction associates to this data a new abelian scheme M ⊗R A over S, which is characterized
by its functor of points Sch/S → Ab, T 7→ M ⊗R A(T ) (Definition 1). The map A 7→ M ⊗R A is
functorial in A and M , and preserves many desirable properties of A. This suggests the possibility
of using it to relate families of abelian schemes. In order to do this, we first need to equip M ⊗R A
with extra structures, in particular a polarization [20, 6] that is compatible with the R-action in
the following sense.
Assume R is equipped with a positive involution r 7→ r∗ (Definition 4). Then the pair (A, ι)
has a dual (A∨, ι∨), where A∨ is the dual abelian scheme of A, and ι∨(r) = ι(r∗)∨, for r ∈ R. A
polarization λ : A→ A∨ is said to be R-linear if λ ◦ ι(r) = ι∨(r) ◦ λ.
AssumeM
Q
is free over R
Q
. The dual moduleM∨ = HomR(M,R) has a natural right R-module
structure, with r ∈ R acting on f ∈M∨ by (f · r)(m) = r∗f(m). Then R-linear maps h :M →M∨
may be identified with sesquilinear forms H :M ×M → R via H(m,m′) = h(m)(m′). Such a map
h is called hermitian if H(m,m′) = H(m′,m)∗, and non-degenerate if it’s an isomorphism. Since
M
Q
≃ Rn
Q
, we may identify h with an element of Hn(RQ), the set of n×n hermitian matrices with
entries in R
Q
. Then Hn(RQ)⊗R is a formally real Jordan algebra (Definition 8) over R. We say
h is positive-definite if its image under Hn(RQ) ⊂ Hn(RQ) ⊗ R is positive (Definition 15). This
notion does not depend on the choice of isomorphism M
Q
≃ Rn
Q
(Lemma 16).
Theorem A. Suppose (A, ι, λ) consists of an abelian scheme A/S, an R-action ι : R →֒ End(A),
and R-linear polarization λ : A→ A∨. Let h :M →M∨ be R-linear. The map h⊗ λ :M ⊗R A→
M∨⊗RA
∨ is a polarization onM⊗RA if and only if h is a positive definite R-valued hermitian form.
The above is Theorem 17 in the main text. That the abelian scheme dual toM⊗RA isM
∨⊗RA
∨
is proved in Proposition 5. A special case of the theorem is due to Serre [16, appx], where A is a
specific elliptic curve in characteristic p. We also show that under some extra assumptions on A,
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if λ is principal, then h ⊗ λ is principal if and only if h is non-degenerate (Proposition 18). For
instance it’s enough to assume EndS(A) is free over R.
We then apply the above result to the following moduli problem. Let K be a CM-field of degree
2g over Q, Φ a CM-type for K, and n a positive integer. Let L ⊂ C be the reflex field of (K,Φ). To
every locally noetherian scheme S over SpecOL we associate the categoryM
n
Φ(S) of triples (A, ι, λ)
consisting of an abelian scheme A of relative dimension ng over S, an injective OK -action ι, and
an OK-linear principal polarization λ. We also require that (A, ι, λ) satisfy the ideal condition
JΦLieS(A) = 0, where JΦ is the kernel of
OK ⊗OL →
∏
φ∈Φ
C
(φ), (α ⊗ β) 7→ (φ(α) · β)φ.
Morphisms of MnΦ(S) are OK -linear isomorphisms of abelian schemes that preserve the polariza-
tions (see Definition 30).
The ideal condition is a refinement of the signature condition. That says for a ∈ OK , the
characteristic polynomial of the induced action of ι(a) on LieS(A) should equal∏
φ∈Φ
(T − φ(a))n ∈ OL[T ],(0.1)
viewed as a section of OS [T ] using the structure morphism OL → OS . The ideal condition implies
the signature condition (Corollary 33). If n = 1 or the base S has characteristic zero, the signature
condition also implies the ideal condition. The ideal condition ensures that MnΦ is proper and
smooth of relative dimension 0 over OL (Theorem 35). When either n = 1 or K is quadratic
imaginary, this is a theorem of B. Howard [10, 11]. The ideal condition JΦLieS(A) = 0 allows us
to generalize Howard’s proof to all CM fields K.
We note thatM1Φ is the moduli stack of abelian schemes with CM by OK of type Φ. The stacks
MnΦ are zero-dimensional versions of moduli spaces considered by S. Kudla and M. Rapoport ([12],
[13]), which are integral models of Shimura varieties of unitary type.
Using Theorem A, we can apply Serre’s construction to the problem of constructing objects in
MnΦ. Let Hermn(OK) denote the category of pairs (M,h) consisting of projective finitely presented
OK -modulesM of rank n, equipped with a positive-definite non-degenerate OK -hermitian structure
h :M →M∨. Then for (M,h) ∈ Hermn(OK) and (A, ι, λ) ∈ M
1
Φ, we construct the object
(M,h) ⊗ (A, ι, λ) = (M ⊗R A,1M ⊗ ι, h⊗ λ) ∈ M
n
Φ.
To describe all such objects inMnΦ we define a tensor product of categories, by explicit generators
and relations (Definition 21). Then we construct the groupoid Hermn(OK)⊗Herm1(OK)M
1
Φ(S) for
each S. This is carried out in §2. We suggest the reader skip details of the otherwise intuitive
abstract constructions in §2, and consult the section as needed. Aside from the definitions the
main result in §2 is Proposition 24, which by a combinatorial argument gives a concise presentation
of a general morphism in the tensor product groupoid.
Serre’s construction then induces a functor
ΣS : Hermn(OK)⊗Herm1(OK)M
1
Φ(S)→M
n
Φ(S).(0.2)
For ΣS to have any significance, M
1(S) must be non-empty. We can assume this is the case
after replacing L by some finite extension, as long as M1Φ(C) 6= ∅. We show M
1
Φ(C) 6= ∅ if K/F is
ramified at any finite prime (Theorem 46). Also if MnΦ(C) 6= ∅ and n is odd, we have M
1
Φ(C) 6= ∅
(Proposition 47). In general, we assume M1Φ(C) 6= ∅.
The functor S 7→ Hermn(OK) ⊗Herm1(OK) M
1
Φ(S) defines a separated presheaf on the big e´tale
site over SpecOL. Letting Hermn(OK) ⊗M
1
Φ denote the associated stack, Serre’s construction
induces a morphism
Σ : Hermn(OK)⊗M
1
Φ →M
n
Φ.
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Theorem B. Assume that M1Φ(C) 6= ∅. Then:
(1) Σ is an isomorphism of OL-stacks.
(2) If S = Spec(k), for k an algebraically closed field, then ΣS is an equivalence of categories.
(3) If S is locally noetherian over SpecOL, each object of M
n
Φ(S) is e´tale locally on S in the
image of ΣS from (0.2).
The above is Theorem 52 in the paper. The proof begins by showing the functor ΣS is fully faithful
(Proposition 36). This is done by comparing general forms of morphisms in MnΦ and the tensor
product. Essential surjectivity of Σ is proved on the stalks of geometric points, first in characteristic
zero by explicit construction, then extended to characteristic p by smoothness ofMnΦ over SpecOL.
For a restatement of the content of Theorem B without the language of higher categories see
Theorem 53 in the text.
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1. Serre’s Construction
In this section we recall the Serre tensor construction, then establish some basic properties of
the abelian schemes arising from it, such as the possible homomorphisms between them, their Tate
modules, Lie algebras, and their dual abelian schemes. We then study the polarizations on such
abelian schemes.
4 SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES
Let R be a ring, possibly non-commutative, and free of finite rank over Z. An abelian scheme with
an R-action is a pair (A, ι), where A is an abelian scheme over some base S, and ι : R→ EndS(A)
is a ring homomorphism. In subsequent sections we will further assume that ι is injective.
Definition 1. Let (A, ι) be an abelian scheme with an R-action, and M a projective finitely
presented right R-module. The Serre tensor construction is the abelian scheme M ⊗R A that
represents ([4, §7]) the group-functor
M ⊗R A : Sch/S −→ Ab, T 7→M ⊗R A(T ).
Suppose P is another ring, free of finite rank over Z, and the right R-module M is also a left
P -module, such that the actions of P and R commute. Then P acts on M ⊗R A via the M factor.
In particular if R is commutative then M ⊗R A has an R-action.
Let (A, ι), (B, ) be abelian schemes with R-actions. An R-linear homomorphism φ : A → B
is a homomorphism of abelian schemes satisfying φ ◦ ι(r) = (r) ◦ φ for all r ∈ R. If f : M → N
is a homomorphism of projective finitely presented right R-modules, and φ : A → B an R-linear
homomorphism of abelian schemes, by f ⊗ φ : M ⊗R A → N ⊗R B we denote the map given on
T -valued points by
(f ⊗ φ)T :M ⊗R A(T )→ N ⊗R B(T ), m⊗ a 7→ f(m)⊗ φ(a), T ∈ Sch/S .
We often hide canonical isomorphisms, e.g. we write An = Rn ⊗R A. We also write fA for f ⊗ 1A.
1.1. Homomorphisms. The key proposition is the following.
Proposition 2. Let A be an abelian scheme over S, with action by a ring R, and suppose M is a
projective finitely presented right R-module. Let B be another abelian scheme over S, with action
by a ring P , and N a projective and finitely presented right P -module.
(a) There is a canonical isomorphism of abelian groups
Ψ : N ⊗P HomS(A,B)⊗R M
∨ ∼= HomS(M ⊗R A,N ⊗P B),
mapping a pure tensor n⊗ φ⊗ f to the morphism given on T -valued points by
Ψ(n⊗ φ⊗ f)T :M ⊗R A(T )→ N ⊗P B(T ), m⊗ a 7→ n⊗ φ(f(m)a), T ∈ Sch/S .
(b) Suppose P = R and M , N are R-bimodules, so thatM⊗RA, N⊗RB acquire R-actions. The
above isomorphism, restricted to R-linear homomorphisms, gives a canonical isomorphism
Ψ : N ⊗R HomR(A,B)⊗R M
∨ ∼= HomR(M ⊗R A,N ⊗R B).
(c) With M , N , R as in (b), suppose R is moreover commutative. Then there’s a canonical
isomorphism of R-modules
HomR(M,N)⊗R HomR(A,B) ∼= HomR(M ⊗R A,N ⊗R B),
mapping h⊗ φ to the morphism given on T -valued points by h⊗ φT , for T ∈ Sch/S.
Proof. For part (a), the statement is obvious if M and N are free. For the general case, pick a
finitely presented projective right R-module M ′, resp. P -module N ′, so that M0 = M ⊕M
′ and
N0 = N ⊕N
′ are free of finite rank. Then the isomorphism
N0 ⊗P HomS(A,B)⊗R M
∨
0
∼= HomS(M0 ⊗R A,N0 ⊗P A)
decomposes into a direct sum of four morphisms of abelian groups, which all must be isomorphisms,
one of which coincides with the morphism in the statement. The explicit form of the map may be
checked by following through the canonical isomorphisms involved.
The other parts are similar. For (b), first assume M ≃ Rm and N ≃ Rn, so that Hom(M ⊗R
A,N⊗RB) may be identified withMn(Hom(A,B)), the additive group ofm×nmatrices with entries
in Hom(A,B). The claim becomes equivalent to the fact that R-linear elements of Mn(Hom(A,B))
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correspond to matrices with R-linear entries. The general case may be deduced by picking comple-
mentary projective modules as in part (a).
For (c) note that the left and right R-actions on HomR(A,B) agree by definition of R-linearity.
The claim then follows from (b) and the associativity of tensor products of R-bimodules, plus the
fact that the canonical morphism M∨ ⊗R N → HomR(M,N) is an isomorphism since M and N
are finitely presented and projective. 
1.2. Lie algebra and Tate module. The following lemma says taking the Tate module or Lie
algebra of an abelian scheme commutes with applying Serre’s construction.
Lemma 3. Let A be an abelian scheme over a base S, equipped with an action ι : R→ EndS(A) by
a ring R. Suppose M is a projective finitely presented right R-module. There is then a canonical
isomorphism of group schemes
Tl(M ⊗R A) ∼=M ⊗R Tl(A),
as well as a canonical isomorphism of OS-modules
LieS(M ⊗R A) ∼=M ⊗R LieS(A).
Proof. For any positive integer N , the sequence
0→M ⊗R A[N ]→M ⊗R A
N
→M ⊗R A→ 0
is exact since M is a flat R-module. The first claim follows by passing to the limit.
For the second assertion we use the functorial description of LieS(A) given by
LieS(A)(U) = ker(A(U [ǫ])→ A(U)),
for U ⊂ S [8, Exp II, 3.9]. Here A(U [ǫ]) → A(U) is induced by U → U [ǫ], which is constructed as
follows. U [ǫ] = U ×Spec(Z) Z[ǫ], where Z[ǫ] is the ring of dual numbers. The map U → U [ǫ] comes
from applying the fibre product functor U ×SpecZ – to the morphism SpecZ→ SpecZ[ǫ], and the
latter corresponds to the ring homomorphism Z[ǫ]→ Z that sends ǫ to 0. The claim follows again
from the fact that M ⊗R − preserves kernels by flatness. 
1.3. The dual abelian scheme. Recall that the dual M∨ = HomR(M,R) of a right R-module
M is naturally a left R-module, with (r · f)(m) = r · f(m), r ∈ R, f ∈M∨, m ∈M.
Definition 4. A positive involution ring (R, ∗) is a ring R, free of finite rank over Z, equipped
with an involution r 7→ r∗ such that (a, b) 7→ TrR
Q
/Q(ab
∗) is positive-definite on R
Q
.
We assume (R, ∗) is a positive involution ring. Then M∨ is a right R-module via
(f · r)(m) = r∗f(m).(1.1)
By f∨ we denote the dual of f :M → N . The map f 7→ f(1)∗ defines a canonical isomorphism of
left R-modules R∨ → R.
Let P = PR denote the category of projective finitely presented right R-modules. The map
M 7→ M∨ defines a contravariant functor from P to itself. We write (M∨)∨ = M by abuse of
notation.
Fixing a base scheme S, by A = A (S) we denote the category of abelian schemes and group
scheme homomorphisms over S. The map A 7→ A∨ is a contravariant functor from A to itself. We
write (A∨)∨ = A by abuse.
Let AR = AR(S) denote the category of pairs (A, ι), where A ∈ A is equipped with an R-
action. The morphisms in AR are required to be R-linear. Each (A, ι) has a dual (A
∨, ι∨) with
ι∨(r) = ι(r∗)∨, and (A, ι) 7→ (A∨, ι∨) is a contravariant functor from AR to itself.
Let S : P×AR → A be the functor induced by Serre’s construction sending (M,A) to M⊗RA.
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Proposition 5. The following diagram commutes up to canonical isomorphism:
P ×AR
S //
∨×∨

A
∨

P ×AR
S
// A .
In other words, for M ∈ P, (A, ι) ∈ AR, and f ∈ Mor(P), φ ∈ Mor(AR), we have
(M ⊗R A)
∨ ∼=M∨ ⊗R A
∨, (f ⊗ φ)∨ ∼= f∨ ⊗ φ∨.
The isomorphism Φ = ΦM,A : M
∨ ⊗R A
∨ → (M ⊗R A)
∨ is characterized as follows. For T ∈ A ,
and g ⊗ t ∈ M∨ ⊗R HomS(T,A
∨), the map ΦT (g ⊗ t) ∈ HomS(T, (M ⊗R A)
∨) is the dual of the
homomorphism M ⊗R A→ T
∨ given on U -valued points by
M ⊗R A(U)→ T
∨(U), m⊗ u 7→ t∨ ◦ ι(g(m)) ◦ u, U ∈ Sch/S .
Proof. Let T be an abelian scheme over S. We have canonical isomorphisms:
HomS(T,M
∨ ⊗R A
∨) ∼=M∨ ⊗R HomS(T,A
∨) (by Proposition 2(a))
∼= HomS(A,T
∨)⊗R M
∨ (f ⊗ φ 7→ φ∨ ⊗ f)
∼= HomS(M ⊗R A,T
∨) (by Proposition 2(a))
∼= HomS(T, (M ⊗R A)
∨). (duality)
Letting T =M∨ ⊗R A
∨, the canonical morphism Φ :M∨ ⊗R A
∨ → (M ⊗R A)
∨ corresponds to the
identity element in
HomS(M
∨ ⊗R A
∨,M∨ ⊗R A
∨) ∼= HomS(M
∨ ⊗R A
∨, (M ⊗R A)
∨),
and its inverse (M ⊗R A)
∨ →M∨ ⊗R A
∨ corresponds to the identity in
HomS((M ⊗R A)
∨,M∨ ⊗R A
∨) ∼= HomS((M ⊗R A)
∨, (M ⊗R A)
∨),
which comes from setting T = (M ⊗R A)
∨.
The explicit form of Φ, as well as the relation (f ⊗ φ)∨ = f∨ ⊗ φ∨, may be checked by following
through these isomorphisms carefully. 
1.4. Polarizations. We recall some basic definitions and facts about polarizations of abelian
schemes. Let A be an abelian scheme over a base S. The Poincare´ correspondence PA, is a
universal line bundle on A ×S A
∨ that induces, for any abelian scheme B/S, a canonical isomor-
phism of groups
HomS(B,A
∨) ∼= CorrS(A,B), (φ : B → A
∨) 7→ (1A × φ)
∗(PA).
Here CorrS(A,B) denotes the group of correspondences on A×S B [6, I.1.7].
Let ∆ : A → A ×S A be the diagonal. For a morphism f : A → A
∨ of abelian schemes, let Lf
denote the correspondence (1 × f)∗PA on A ×S A, and Lf = ∆
∗(Lf ) the associated line bundle
on A. If g : B → A is a homomorphism of abelian schemes, then the pullbacks of Lf and Lf under
g and g × g correspond to the map g∨ ◦ f ◦ g : B → B∨. In other words:
(1.2) g∗Lf = Lg∨◦f◦g , (g × g)
∗Lf = Lg∨◦f◦g.
If L is a correspondence on A×S A, its associated map λ : A → A
∨ is symmetric if and only if
L is a symmetric correspondence, meaning s∗(L) ≃ L with s : A× A→ A× A the coordinate flip
map.
A polarization on an abelian variety A0 is a symmetric homomorphism λ : A0 → A
∨
0 associated
to a correspondence Lλ as above, such that the line bundle Lλ = ∆
∗(Lλ) on A0 is ample. A
polarization on the abelian scheme A is a symmetric homomorphism λ : A → A∨ such that for
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every geometric point s → S, λs : As → As
∨ is a polarization of abelian varieties. A principal
polarization is one that is an isomorphism.
The choice of a polarization on an abelian scheme A induces a Rosati involution φ 7→ ρ(φ) on
End0(A) = End(A)⊗Q, determined by the commutativity of the following diagram in the isogeny
category:
A
λ //
ρ(φ)

A∨
φ∨

A
λ // A∨.
Let (R, ∗) be a ring with involution, and (A, ι) an abelian scheme with R-action. Then the dual
A∨ has an R-action ι∨ given by ι∨(r) = ι(r∗)∨. A polarization λ : A→ A∨ is R-linear if and only
if λ ◦ ι(r) = ι(r∗)∨ ◦ λ for all r ∈ R. By the above diagram, this is equivalent to ι(r∗) = ρ(ι(r)), so
that λ is R-linear if and only if ι maps ∗ to the Rosati ρ.
Let (A, ι, λ) be as above, with λ an R-linear polarization, and denote by L = Lλ the correspon-
dence associated to it. The behaviour of the pullback of L under the product f × g of various maps
f, g ∈ End(A) is described as follows.
Proposition 6. The map l : End(A)×End(A)→ Corr(A,A) given by l(x, y) = (x× y)∗L satisfies
the linearity relations
l(x+ y, z) = l(x, z) ⊗ l(y, z)
l(x, y + z) = l(x, y)⊗ l(x, z)
l(x, y ◦ ι(r)) = l(x ◦ ι(r∗), y),
for all x, y, z ∈ End(A), and r ∈ R.
Proof. A corollary of the theorem of the cube [21, p.59] states that if f, g, h : X → Y are maps of
abelian varieties, and L is a line bundle on B, then:
(f + g + h)∗L ∼= (f + g)∗L ⊗ (g + h)∗L ⊗ (f + h)∗L ⊗ f∗L −1 ⊗ g∗L −1 ⊗ h∗L −1.
The first property follows from the above applied to f = (x × 0), g = (y × 0), h = (0 × z), and
L = Lλ, with the second being similar. The third property follows from the R-linearity of λ. 
Let (R, ∗) be a ring with an involution, and M a projective finitely presented right R-module. A
Z-bilinear form F :M×M → R is called sesquilinear if F (mr, nr′) = r∗F (m,n)r′ for all m,n ∈M ,
and r, r′ ∈ R. By the tensor-hom adjunction formula, sesquilinear forms F are in bijection with
linear maps f ∈ HomR(M,M
∨) via f(m)(n) = F (m,n). A sesquilinear form F is called hermitian
if F (m,n)∗ = F (n,m) for all m,n ∈M .
Let p : Rn ։ M be a fixed presentation of M , and e1, · · · , en the image of the standard basis
elements. A sesquilinear form F on M is hermitian if and only if the n × n matrix with entries
F (ei, ej) is hermitian. That is, if and only if F (ei, ej) = F (ej , ei)
∗ for 1 ≤ i, j ≤ n.
If pA = p⊗ 1A : A
n →M ⊗R A
n, then ψ = p∨A ◦ (f ⊗ λ) ◦ pA ∈ EndS(A
n, (A∨)n). The map ψ is
determined by an n× n matrix of morphisms ψij : A→ A
∨.
Proposition 7. With f ⊗ λ and ψ as above, the following are equivalent:
(1) f ⊗ λ is symmetric.
(2) ψ is symmetric.
(3) ψij = (ψji)
∨ for 1 ≤ i, j ≤ n.
(4) f is hermitian.
Proof. This is left to the reader as an exercise in linear algebra. 
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Now we recall Jordan algebras and the notion of positivity in a formally real Jordan algebra over
R. We relate positivity in certain matrix Jordan algebras with the usual notion of a positive-definite
matrix. Then we define positive-definite R-hermitian structures h : M → M∨, which correspond
to polarizations on M ⊗R A. The reference for this material is [1] and [18].
Definition 8. Let k be a field, with char(k) 6= 2, and let R be an algebra over k, not necessarily
associative, with multiplication denoted by ◦. Then (R, ◦) is called a Jordan algebra if it is
commutative, and
(u ◦ u) ◦ (u ◦ v) = u ◦ ((u ◦ u) ◦ v), ∀u, v ∈ R.
A Jordan algebra R is called formally real if for all u, v ∈ R,
u ◦ u+ v ◦ v = 0 ⇐⇒ u = v = 0.
Any associative k-algebra R can be turned into a Jordan algebra (R, ◦) by setting
x ◦ y =
1
2
(xy + yx).
We restrict to the case where k is subfield of R, so that it makes sense to speak of positive
elements of k. Let R be a finite associative k-algebra equipped with a positive involution r 7→ r∗, so
that (x, y) 7→ TrR/k(y
∗x) is positive definite. The elements of R fixed by the involution are called
symmetric. The positivity of the involution implies that the subalgebra of symmetric elements
S ⊂ R is formally real. For any n > 0, the matrix algebra Mn(R) inherits a positive involution
X 7→ X∗ from R, given by (Xij) 7→ (X
∗
ji). Its symmetric elements are the formally real Jordan
algebra Hn(R) of n× n hermitian matrices.
Definition 9. An element u of a formally real Jordan algebra over the real numbers R is called
positive, and denoted u > 0, if all the eigenvalues of the R-linear map Lu(v) = u ◦ v are positive.
If R is any one of: the real numbers R, complex numbers C, or the standard quaternions H,
it can be considered as a Jordan algebra over R, with a positive involution given by the identity
map on R, complex conjugation on C, and the standard involution on H. In all three cases, the
matrices in Hn(R) are unitarily diagonalizable. For a matrix X ∈ Hn(R), the eigenvalues of the
operator LX : Hn(R) → Hn(R), LX(Y ) = X ◦ Y =
1
2 (XY + Y X) are
1
2(di + dj) where di are the
ordinary eigenvalues of X as a matrix. It follows that X > 0 in Hn(R) if and only if X is a positive
definite matrix in the usual sense.
Now suppose R = K is a CM field, with maximal totally real subfield F . Then K is an algebra
over F , with complex conjugation defining a positive involution. The formally real Jordan algebra
Hn(K)⊗R over R is isomorphic to a product of algebras Hn(R) andHn(C), one for each embedding
of F in R. A matrix X ∈ Hn(K) is positive in Hn(K) ⊗ R if and only if it is positive in each
factor of the product. It follows that X > 0 if and only if the eigenvalues of X are totally positive
algebraic numbers.
If A is an abelian variety with a polarization, End(A)
Q
is equipped with a Rosati involution.
By a symmetric element of End(A), resp. End(A)
Q
, we mean one that is fixed by the Rosati
involution. We denote such elements by End(A)sym, resp. End(A)sym
Q
.
We recall a result characterizing ample line bundles on abelian varieties. The following theorem
is quoted from [21, p.208], where the term totally positive is used for what we call positive.
Theorem 10 (Ampleness Criterion). For r ∈ End(A)sym, the line bundle Lλ◦r ∈ Pic(A) is
ample if and only if r is positive in the formally real Jordan algebra End(A)⊗R.
Corollary 11. Let S be a connected scheme, A an abelian scheme over S, λ : A→ A∨ a polariza-
tion, and r ∈ EndS(A). Then λ ◦ r is a polarization if and only if r is symmetric and positive in
the formally real Jordan algebra EndS(A)⊗R.
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Proof. Using the rigidity lemma of [20, Ch. 6], one easily reduces to the case where S is the spectrum
of an algebraically closed field. Let r 7→ r∗ denote the Rosati involution of λ. For r ∈ EndS(A),
λ ◦ r is symmetric if and only if r is symmetric: this follows from (λ ◦ r)∨ = r∨ ◦λ = λ ◦ r∗, and the
fact that λ is an isogeny. Now suppose r is symmetric. By Mumford’s ampleness criterion, the line
bundle Lλ◦r corresponding to λ ◦ r is ample if and only if r is positive in End(A)⊗R. Hence r is
symmetric and positive in EndS(A)⊗R, if and only if λ ◦ r is symmetric and Lλ◦r is ample. 
Definition 12. A positive involution ring (R, ∗) is said to satisfy property (P), if for every matrix
Q in GLn(RQ) the hermitian matrix Q
∗Q ∈ Hn(RQ) is positive in the formally real Jordan algebra
Hn(R)⊗R.
The following lemma shows that property (P) holds in all cases of interest.
Lemma 13. Let (R, ∗) be a positive involution ring. Suppose an abelian scheme A/S exists that
admits an R-action, with an R-linear polarization λ. Then R necessarily satisfies property (P).
Proof. Since for any point s of the base scheme S the map EndS(A)→ Endk(s)(As) is injective, we
can assume A is an abelian variety. Let Q ∈ GLn(RQ). After multiplying by a positive integer we
can assume Q has entries in R, and so defines an R-linear isogeny φ : An → An. Since the R-linear
map λn : An → (A∨)n is a polarization on An, the line bundle Lλn is ample, therefore the line
bundle Lφ∨◦λn◦φ = φ
∗Lλn is also ample, as φ is an isogeny. Since λ is R-linear, φ
∨ ◦λn ◦φ = λn ◦ψ,
where ψ : An → An is given by the hermitian matrix Q∗Q with coefficients in R. Then by
the ampleness criterion, the symmetric element ψ is positive in the formally real Jordan algebra
Hn(RQ)⊗R ⊂ End(A
n)⊗R, where it is identified with Q∗Q. 
A projective finitely presented module M over a Dedekind domain is automatically a lattice in
M
Q
. For general rings R, we make the following definition.
Definition 14. A lattice M over R is a projective finitely presented right R-module M such that
M
Q
is free over R
Q
.
The key positivity notion is as follows.
Definition 15. Suppose (R, ∗) satisfies property (P). A hermitian lattice (M,h) is positive defi-
nite if for some isomorphism η : Rn
Q
→M
Q
, the standard matrix T ∈ Hn(RQ) of the map η
∨◦h
Q
◦η
is positive in the formally real Jordan algebra Hn(R)⊗R.
The following lemma shows that the above definition does not depend on the choice of η.
Lemma 16. Let (R, ∗) be a positive involution ring with property (P). Let Q ∈ GLn(RQ) and
T ∈ Hn(RQ). Then T > 0 in Hn(RQ)⊗R if and only if QTQ
∗ > 0.
Proof. Let J1 denote the Jordan algebra Hn(RQ), and JQQ∗ the algebra with the same underlying
abelian group as J1 and product defined by
X ◦QQ∗ Y =
1
2
(
X(QQ∗)−1Y + Y (QQ∗)−1X
)
.
Then JQQ∗ is a formally real Jordan algebra with unit element QQ
∗, and the map T 7→ QTQ∗ is
an isotopy of Jordan algebras J1 → JQQ∗ [18, p.14]. It can be extended R-linearly to an isotopy
J1 ⊗R→ JQQ∗ ⊗R of formally real Jordan algebras over R.
The set of positive elements of a formally real Jordan algebra J over R is an open convex cone,
identified with the connected component of the identity in the units J× of J [18, p.18]. An isotopy
of Jordan algebras preserves the positive cone.
The positive cone of JQQ∗ ⊗R, which is the same topological space as J1 ⊗R, is the connected
component of its identity element QQ∗. Since (R, ∗) satisfies property (P), QQ∗ is positive in
J1 ⊗R, therefore it lies in the same connected component as the identity element of J1 ⊗R. Thus
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the isotopy T 7→ QTQ∗ maps the positive cone of J1 ⊗ R to itself, and so T > 0 if and only if
QTQ∗ > 0. 
The main result of this section (Theorem A from the introduction), is as follows.
Theorem 17. Let (R, ∗) be a positive involution ring, (A, ι) an abelian scheme with an R-action,
and M a lattice over R. Suppose λ : A → A∨ is an R-linear polarization and h : M → M∨ is
an R-linear map. Then h ⊗ λ : M ⊗R A → M
∨ ⊗R A
∨ is a polarization if and only if (M,h) is
hermitian and positive definite.
Proof. By Proposition 7, h ⊗ λ is symmetric if and only if h is hermitian, so we can assume this
is the case. Such a symmetric map is by definition a polarization if and only if it is a polarization
of abelian varieties on geometric fibres. Since Serre’s construction commutes with fibre products,
h ⊗ λ is a polarization if and only if (h ⊗ λ)s ∼= h ⊗ λs is a polarization for all geometric points
s→ S. Thus we can assume A is an abelian variety over an algebraically closed field.
We fix an isomorphism η : Rn
Q
→ M
Q
, through which we identify M ⊂ M
Q
with its pre-image
in Rn
Q
. Let T ∈ Hn(RQ) be the matrix of η
∨ ◦ h
Q
◦ η as in Definition 15. Since the inclusion
M ⊂ Rn
Q
becomes an isomorphism after tensoring with Q, there is a positive integer k such that
kRn ⊂ M . Let κ : Rn → M denote multiplication by k. Using the identification An = Rn ⊗R A,
we obtain an isogeny κA = κ⊗ 1A : A
n →M ⊗R A. Now let f = κ
∨ ◦ h ◦ κ and consider the map
f ⊗ λ : An → (A∨)n. Since h ⊗ λ is symmetric, so is f ⊗ λ = κ∨A ◦ (h ⊗ λ) ◦ κA. The matrix of f
is a positive integer multiple of T , so (Rn, f) is positive-definite if and only if (M,h) is. Since κA
is an isogeny, the line bundle κ∗A(Lh⊗λ) = Lf⊗λ is ample if and only if Lh⊗λ is ample. It follows
that it’s enough to prove the theorem for (Rn, f) in place of (M,h).
Now f ⊗ λ : An → (A∨)n factors as λn ◦ fA, where λ
n : An → (A∨)n is the product polarization
of An obtained from λ. By Corollary 11, λn ◦ fA is a polarization if and only if fA ∈ End(A
n) is
positive in the formally real Jordan algebra End(An) ⊗ R. It remains to show this is the case if
and only if f is positive definite.
Let us use ∗ again to denote the Rosati involution on End(A) ⊗Q induced by λ. The algebra
isomorphism Mn(End(A)⊗Q)) ∼= End(A
n)⊗Q identifies the Rosati involution induced by λn on
End(An)⊗Q with the positive involution (Xij)→ (X
∗
ji) on Mn(End(A)⊗Q). Thus the symmetric
elements in End(An)⊗Q are identified with hermitian matrices Hn(End(A)⊗Q). The map f 7→ fA
is a morphism of formally real Jordan algebras Hn(RQ)→ Hn(End(A)⊗Q). It is the same as the
map induced by the R-action ι : R →֒ End(A), so it is in particular injective. Now considering
Hn(RQ) as a subalgebra of End(A
n) ⊗ Q, it follows that fA > 0 in End(A
n) ⊗ R if and only if
f > 0 in Hn(R) ⊗R. In other words, f ⊗ λ is a polarization if and only if f is positive-definite,
and so the same holds for h. 
Under some extra assumptions, we can extend this theorem further to characterize principal
polarizations. Recall that a hermitian form h : M → M∨ is called non-degenerate if it’s an
isomorphism.
Proposition 18. Under the conditions of Theorem 17, suppose that furthermore λ : A → A∨ is
principal, and that either:
(i) The (left) R-module of endomorphisms EndS(A) is faithfully flat,
or
(ii) R is commutative, and the R-module of R-linear endomorphisms EndR(A) is faithfully flat.
Then h ⊗ λ is a principal polarization if and only if h is a non-degenerate positive definite
hermitian form.
Proof. It’s clear that if h is non-degenerate and λ is principal, h⊗λ is an isomorphism. Conversely,
suppose h⊗λ is an isomorphism. Since h⊗λ factors as a composition of the isomorphism 1M ⊗λ :
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M⊗RA→M⊗RA
∨ with the map h⊗1A :M⊗RA→M
∨⊗RA, the latter is also an isomorphism.
Now consider this isomorphism on the A-valued points of M ⊗R A:
(h⊗ 1A)A :M ⊗R EndS(A)
∼−→M∨ ⊗R EndS(A), m⊗ φ 7→ h(m)⊗ φ.
Evidently, this is the tensor product of the map of right R-modules h : M → M∨ with the left
R-module EndS(A). If the latter is faithfully flat, h is an isomorphism.
Now suppose R is commutative. Then M is a bimodule, M ⊗R A and M
∨ ⊗R A
∨ inherit R-
actions, and the isomorphisms h⊗λ, h⊗1A and 1M⊗λ are all R-linear. Consider the commutative
diagram
M ⊗R EndS(A)
(h⊗1A)A // M∨ ⊗R EndS(A)
M ⊗R EndR(A)
?
OO
// M∨ ⊗R EndR(A)
?
OO
.
Knowing the top arrow is an isomorphism, we claim the bottom one is also one. Injectivity is
clear from the diagram, so we must show surjectivity.
Let Ψ : M∨ ⊗R A → M ⊗R A be the inverse of h ⊗ 1A. Since h ⊗ 1A is R-linear, so is Ψ. By
Proposition 2(c) it corresponds to an element of HomR(M
∨,M)⊗R EndR(A), which is of the form∑
i αi ⊗ si, for R-linear αi : M
∨ → M and si ∈ EndR(A). Then on T -valued points of M
∨ ⊗R A,
Ψ is given by:
ΨT :M
∨ ⊗R A(T )→M ⊗R A(T ), f ⊗ t 7→
∑
i
αi(f)⊗ (si ◦ t).
Letting T = A, we consider the map ΨA restricted to M
∨ ⊗R EndR(A) ⊂ M
∨ ⊗R End(A). If t ∈
EndR(A), we also have si◦t ∈ EndR(A), and so Ψ(f⊗t) =
∑
i αi(f)⊗(si◦t) ∈M⊗REndR(A). This
shows the inverse of (h⊗1A)A, when restricted toM
∨⊗REndR(A), takes values inM⊗REndR(A).
In other words (h ⊗ 1A)A restricted to M ⊗R EndR(A) is surjective onto M
∨ ⊗R EndR(A). This
proves the map
(h⊗ 1A)A :M ⊗R EndR(A) −→M
∨ ⊗R EndR(A), m⊗ s 7→ h(m)⊗ s
is an isomorphism. Now, the above map is just the tensor product of h with the identity map of
the R-module EndR(A). Thus if the latter is faithfully flat, h is an isomorphism. 
We note that in particular the proposition applies when A is an abelian scheme with CM by the
ring of integers R = OK of a CM field K, since then EndR(A) = R.
2. Tensor Product of Categories
In this section we define the action of a monoidal category on another category, and the tensor
product of two categories with such actions. Then we assume the monoidal category is a 2-group,
which is to say its objects are invertible with respect to the monoidal product, and we show the
morphisms of the tensor product in this case have a concise form. With the application to moduli
spaces in mind, we assume one of the tensor factors is a groupoid and the other is fibred in groupoids
over some base category. Then we show under certain conditions the resulting tensor product is
also fibred in groupoids over the same base.
2.1. Definitions. Amonoidal category is a category equipped with a product on objects resembling
the tensor product of modules. We recall the definition from [17, p. 162].
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Definition 19. A monoidal category is a category C equipped with the following data: a
bifunctor  : C × C → C, an identity object e ∈ C, and for all a, b, c ∈ C a canonical associator
isomorphism
αa,b,c : (ab)c
∼−→ a(bc),
along with left and right unitor isomorphisms
λa : ea
∼−→ a, ρa : ae
∼−→ a.
The isomorphisms are required to satisfy the following pentagon and triangle relations:
((ab)c)d
αa,b,cd
vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠ αab,c,d
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
(a(bc))d
αa,bc,d

(ab)(cd)
αa,b,cd

a((bc)d)
aαb,c,d // a(b(cd))
(ae)b
αa,e,b //
ρab %%❏❏
❏❏
❏❏
❏❏
❏
a(eb).
aλbyyttt
tt
tt
tt
ab
We will omit the symbol  and write ab instead of ab for short.
Definition 20. A left action of a monoidal category C on a category X is the data consisting of:
a bifunctor C × X → X : (a,X) 7→ aX, and for all a, b ∈ C, X ∈ X , canonical associator and left
unitor isomorphisms
αa,b,X : (ab)X
∼−→ a(bX), λX : eX
∼−→ X
satisfying the pentagon and triangle relations
αa,b,cX ◦ αab,c,X = aαb,c,X ◦ αa,bc,X ◦ αa,b,cX, aλX ◦ αa,e,X = ρaX.
A right action of a monoidal category C on a category Y is defined similarly, as a bifunctor
Y × C → Y : (Y, a) 7→ Y a, with canonical associator isomorphisms αY,a,b : (Y a)b
∼−→ Y (ab), and
right unitors ρY : Y e
∼−→ Y , satisfying the analogous pentagon and triangle relations.
By the coherence theorem of Mac Lane [17, p.165], the pentagon and triangle relations are enough
to ensure that all other expected associativity relations hold up to canonical isomorphisms.
We want to a define a tensor product of categories over a monoidal category. Such tensor products
are usually defined for additive categories [24, 5]. For example, for k-linear categories where k is a
field, they have explicit constructions via generators and relations [27]. We require a similar notion,
but for categories with no enriched structure. For this purpose we imitate the explicit construction
in [27], but leave out the additive features.
Definition 21. Let C be a monoidal category, and let X (resp. Y) be a category with a right
(resp. left) action of C. The tensor product X ⊗C Y is defined as the following category. The
objects consist of symbols X ⊗ Y , for X ∈ Ob(X ) and Y ∈ Ob(Y). The morphisms are words,
modulo relations, in the following families of generator symbols:
I. Symbols of the form
φ⊗ ψ : X ⊗ Y → X ′ ⊗ Y ′,
for all (φ : X → X ′) ∈ Mor(X ), (ψ : Y → Y ′) ∈ Mor(Y).
II. Associators symbols
αX,a,Y : Xa⊗ Y → X ⊗ aY,
and their inverses
α′X,a,Y : X ⊗ aY → Xa⊗ Y,
for all X ∈ X , Y ∈ Y, a ∈ C.
The relations imposed are:
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I. Functoriality of ⊗:
1X ⊗ 1Y = 1X⊗Y , (φ⊗ ψ) ◦ (φ
′ ⊗ ψ′) = (φ ◦ φ′)⊗ (ψ ◦ ψ′), φ ∈ Mor(X ), ψ ∈Mor(Y).
II. Naturality of associators: commutativity of the diagram
Xa⊗ Y
αX,a,Y //
φu⊗ψ

X ⊗ aY
φ⊗uψ

X ′a′ ⊗ Y ′αX′,a′,Y ′
// X ′ ⊗ a′Y ′.
for all (φ : X → X ′) ∈ Mor(X ), (ψ : Y → Y ′) ∈ Mor(Y), (u : a→ a′) ∈ Mor(C).
III. Isomorphic property of associators:
αX,a,Y ◦ α
′
X,a,Y = 1X⊗aY , α
′
X,a,Y ◦ αX,a,Y = 1Xa⊗Y , for all X ∈ X , Y ∈ Y, a ∈ C.
IV. The pentagon and triangle relations:
αX,a,bY ◦ αXa,b,Y = (1X ⊗ αa,b,Y ) ◦ αX,ab,Y ◦ (αX,a,b ⊗ 1Y ), (1X ⊗ λY ) ◦ αX,e,Y = ρX ⊗ 1Y .
Again by Mac Lane’s coherence theorem [17, p. 165] the pentagon and triangle relations above,
together with their counterparts in the definitions of the monoidal category C, and the actions of
C on X and Y, imply that all expected associativity relations hold up to canonical isomorphism.
Thus for instance, up to canonical isomorphism, the object Xa1a2..ar ⊗ b1b2...bsY ∈ X ⊗C Y with
ai, bj ∈ C is well-defined.
2.2. Tensor product over a 2-group. A more concise representation of the morphisms just
defined is possible when the objects in the monoidal category are invertible with respect to the
monoidal product. This is the case for our application in §3.
Definition 22. A 2-group is a monoidal category C such that for each a ∈ C there exists another
object a−1 ∈ C, and an isomorphism
Ia : aa
−1 ∼−→ e,
where e ∈ C is the identity object.
Note that the object a−1 is not necessarily unique, and neither is Ia : aa
−1 → e, even for a
particular choice of a−1. In the following, we will assume that the choices satisfy (a−1)−1 = a.
The 2-group we will later apply the results of this section to is Herm1(OK), the category of
non-degenerate positive-definite rank-one hermitian modules over the ring of integers OK of a CM
field K. The isomorphism classes of Herm1(OK) form the group of classes of hermitian forms,
classically denoted C(K) [26, §14.5].
Let X and Y be categories with a right and left action by a 2-group C, respectively. To prevent
the congestion of symbols later on, we define the following auxiliary isomorphisms. For X ∈ X ,
Y ∈ Y, a ∈ C, we have
µX,a : (Xa)a
−1 ∼−→ X, µa,Y : a
−1(aY ) ∼−→ Y,(2.1)
given by µX,a = ρX ◦(1XIa)◦αX,a,a−1 , and µa,Y = λY ◦(Ia−11Y )◦α
−1
Y,a−1,a
. Note that these depend
on a choice of a−1, Ia and Ia−1 .
For each X ⊗ Y ∈ X ⊗ Y, we also have an isomorphism
ωa,X,Y : Xa⊗ a
−1Y ∼−→ X ⊗ Y(2.2)
given by
(2.3) ωa,X,Y = (1X ⊗ µa−1,Y ) ◦ αX,a,a−1Y .
14 SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES
In other words, ωa,X,Y is the diagonal morphism in the diagram
Xa⊗ a−1Y
α′
Xa,a−1,Y

αX,a,a−1Y //
ωa,X,Y
**❚❚❚
❚❚❚
❚❚❚
❚❚
❚❚❚
❚❚
❚❚
X ⊗ a(a−1Y )
1X⊗µa−1,Y

(Xa)a−1 ⊗ Y
µX,a⊗1Y
// X ⊗ Y,
(2.4)
which commutes as a consequence of relations II and IV in Definition 21.
For each φ⊗ ψ : X ⊗ Y → X ′ ⊗ Y ′ and a ∈ C, we also have a diagram
Xa⊗ a−1Y
φa⊗a−1ψ //
ωa,X,Y

X ′a⊗ a−1Y ′
ωX′,a,Y ′

X ⊗ Y
φ⊗ψ
// X ′ ⊗ Y ′,
(2.5)
commuting as a consequence of relation II in Definition 21, along with functorial properties of the
action of C.
We will show that every morphism X ′ ⊗ Y ′ → X ⊗ Y in X ⊗C Y can be written in the form
ωa,X,Y ◦ (φ ⊗ ψ) for some a ∈ C, φ ∈ Mor(Y), ψ ∈ Mor(X ). The following lemma is the essential
reduction step in the proof.
Lemma 23. Suppose τ = α2◦(φ⊗ψ)◦α1 is a morphism of X⊗CY, where φ ∈ Mor(X ), ψ ∈ Mor(Y)
and α1, α2 are associator morphisms in X ⊗C Y. Then we can also write
τ = (φ1 ⊗ ψ1) ◦ α ◦ (φ2 ⊗ ψ2),
where α is another associator, and φ1, φ2 ∈ Mor(X ), ψ1, ψ2 ∈ Mor(Y).
Proof. The associators α1 and α2 can each either have the form αX,a,Y or its inverse α
′
X,a,Y . Of
the four possibilities, we look at the case where α1 and α2 have the form
α1 = αX,a,Y : Xa⊗ Y → X ⊗ aY, α2 = αX′,b,Y ′ : X
′b⊗ Y ′ → X ′ ⊗ bY ′,
so that we have φ⊗ ψ : X ⊗ aY → X ′b⊗ Y ′. The other three cases are similar.
The claim then follows from the commutativity of the diagram
Xa⊗ Y
αX,a,Y //
1Xa⊗µ
−1
a,Y

X ⊗ aY
φ⊗ψ // X ′b⊗ Y ′
αX′,b,Y ′ // X ′ ⊗ bY ′
Xa⊗ a−1aY
φa⊗a−1ψ // (X ′b)a⊗ a−1Y ′
αX′,b,a⊗1a−1Y ′// X ′(ba)⊗ a−1Y ′
αX′,ba,a−1Y ′ // X ′ ⊗ (ba)(a−1Y ′).
1X′⊗F
OO
Here the morphism F is the composition
(ba)(a−1Y ′)
α′
ba,a−1,Y ′ // ((ba)a−1)Y ′
(αb,a,a−1 )1Y ′ // (b(aa−1))Y ′
(bIa)1Y ′ // (be)Y ′
ρb1Y ′ // bY ′ .
Checking that this diagram does indeed commute is straight-forward using the axioms of X ⊗C Y.
In particular, one uses the triangle and pentagon relations and the naturality of associators. 
Here is the main result on presentations of morphisms in X ⊗C Y.
Proposition 24. Let X (resp. Y) be categories with a right (resp. left) action of a 2-group C.
Then every morphism τ : X ⊗ Y → X ′ ⊗ Y ′ in X ⊗C Y has a presentation as a composition
X ⊗ Y
φ⊗ψ // X ′a⊗ a−1Y ′
ωa,X′,Y ′ // X ′ ⊗ Y ′,(2.6)
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for some object a ∈ C, and morphisms φ, ψ in X , Y, respectively. Alternatively, τ can also be
written as (φ′ ⊗ ψ′) ◦ ω−1a′,X,Y , for some other φ
′, ψ′, a′.
Proof. By definition, a morphism τ of X⊗CY is a string of symbols, each one of two types: associator
morphisms α, and tensor morphisms φ⊗ψ. Since a composition of two tensor morphisms is another
tensor morphism, a word representing a general morphism can be reduced until the associators
occurring in it are each separated by one tensor morphism (possibly the identity). Then as long
as there remain at least two associators in the presentation of τ , Lemma 23 applies, and each time
the number of associators can be reduced by one. The process necessarily ends with a presentation
of the form (φ1 ⊗ ψ1) ◦ α ◦ (φ2 ⊗ ψ2).
Then to finish the proof it suffices to show the claim for a morphism of the form (φ ⊗ ψ) ◦ α.
Assuming α = αX,a,Y and φ⊗ ψ : X ⊗ aY → X
′ ⊗ Y ′, this follows from the commutativity of the
diagram
Xa⊗ Y
1Xa⊗µ
−1
a,Y ''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
αX,a,Y // X ⊗ aY
φ⊗ψ // X ′ ⊗ Y ′
Xa⊗ a−1(aY )
φa⊗a−1ψ //
ωX,a−1,aY
OO
X ′a⊗ a−1Y ′
ωX′,a,a−1Y
OO
αX′,a,a−1Y ′
// X ′ ⊗ a(a−1Y ′)
1X′⊗µa−1,Y ′
jj❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯❯
.
The commutativity of the two triangles on the left and right follow from instances of (2.4). The
middle square is itself an instance of (2.5).
In case α is of the form α′X,a,Y , a similar diagram gives a nearly identical presentation for (φ⊗
ψ)◦α, wherein a is replaced by a−1. The alternative presentation of τ in the form (φ′⊗ψ′)◦ω−1a′,X,Y
results from yet other similar diagrams, with directions reversed. 
Now we consider the case where X in X ⊗C Y is a groupoid, and Y is fibred in groupoids over
a base. We show that X ⊗C Y is also fibred in groupoids, under some general conditions which we
now define.
Definition 25. Let p : Y → S be a functor, and C a monoidal category acting on Y on the left.
Then C is said to act fibrewise on Y, if p is a coequalizer in the diagram
C × Y
 //
pY
// Y
p // S,
and if p sends the associators and unitors of the action of C to identity morphisms of S. Here 
denotes the action of C, and pY is projection onto the second factor.
Definition 26. The left action of a monoidal category C on a category Y is said to be free on
objects if whenever aY ≃ bY in Y for some Y ∈ Y, and a, b ∈ C, then a ≃ b in C.
One can define a free action on the right analogously. These definitions appear essentially in
[7] and [28, pp. 339-340], though neither spell out the behaviour on associators and unitors for a
fibrewise action.
Recall that a category is called left-cancellative if all its morphisms are monic. We introduce the
following relative version.
Definition 27. A category Y lying over S via π : Y → S is called left-cancellative over S, if
for any morphism h : Z → X in Y, and any pair of morphisms f : X → Y and g : X → Y such
that π(f) = π(g), we have f = g whenever h ◦ f = h ◦ g.
Lemma 28. A category fibred in groupoids Y → S is left-cancellative over S.
Proof. Let f : X → Y , g : X → Y , and h : Z → Y be morphisms in Y, and suppose f ◦ h = g ◦ h,
with f and g lying over the same morphism in S. Since Y is fibred in groupoids, every morphism
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of Y is cartesian. In particular f is cartesian, hence there exists a unique morphism ρ : X → X
lying over 1S such that g = ρ ◦ f . Then we have f ◦ h = ρ ◦ f ◦ h. Since f ◦ h is also cartesian, ρ
is also the unique morphism X → X over idS satisfying f ◦ h = ρ ◦ f ◦ h. As 1X already satisfies
this, ρ = 1X , therefore g = f . 
Proposition 29. Let X be a groupoid on which a 2-group C acts on the right, and p : Y → S
a category fibred in groupoids on which C acts on the left fibrewise and free on objects. Suppose
furthermore that X ⊗C Y is left-cancellative over S. Then X ⊗C Y is fibred in groupoids over S via
π : X ⊗C Y → S defined by
π(X ⊗ Y ) = p(Y ), π(φ⊗ ψ) = p(ψ), π(αX,a,Y ) = p(1Y ).
Proof. Let α : T → S be a morphism in S, and X ⊗ Y an object in X ⊗C Y over S. We must first
show that α lifts to a morphism in X ⊗C Y with target X ⊗ Y . Now Y ∈ Y lies over S ∈ S. Since
Y is fibred in groupoids over S, there exists an object YT ∈ Y over T and a morphism ψ : YT → Y
lifting α. Therefore 1X ⊗ ψ : X ⊗ YT → X ⊗ Y is a morphism lifting α to X ⊗C Y .
Now suppose f : X ′ ⊗ Y ′ → X ⊗ Y lies over α : S′ → S, and g : X ′′ ⊗ Y ′′ → X ⊗ Y over
β : S′′ → S. Suppose γ : S′ → S′′ satisfies β ◦ γ = α. We must show there exists a unique
morphism h : X ′ ⊗ Y ′ → X ′′ ⊗ Y ′′ lying over γ, such that g ◦ h = f .
Using the alternate presentation of a morphism given in Proposition 24, we can write f =
(φ′ ⊗ ψ′) ◦ ωa where ωa : X
′ ⊗ Y ′ → X ′a⊗ a−1Y ′ is a canonical isomorphism for some a ∈ C, and
similarly g = (φ′′ ⊗ ψ′′) ◦ ωb for some b ∈ C. Then π(ωa) = 1S′ and π(ωb) = 1S′′ since C acts
fibrewise on Y, and so φ′⊗ψ′ and φ′′⊗ψ′′ are also lifts of α and β to X ⊗C Y. Since ωa and ωb are
isomorphisms, we have g ◦ h = f if and only if (φ′′ ⊗ ψ′′) ◦ h′ = (φ′ ⊗ ψ′), where h′ = ωb ◦ h ◦ ω
−1
a .
Therefore it’s enough to assume f = φ′ ⊗ ψ′ and g = φ′′ ⊗ ψ′′, and show there’s a unique h lying
over γ such that (φ′′ ⊗ ψ′′) ◦ h = φ′ ⊗ ψ′.
We have p(ψ′) = π(φ′ ⊗ ψ′) = α, and p(ψ′′) = π(φ′′ ⊗ ψ′′) = β. As Y is fibred in groupoids
over S, there exists a unique lift η : Y ′ → Y ′′ of γ to Y, such that ψ′′ ◦ η = ψ′. Now, the maps
φ′ and φ′′ are isomorphisms since X is a groupoid. Hence, setting ξ = φ′′−1 ◦ φ′, we obtain a map
ξ⊗η : X ′⊗Y ′ → X ′′⊗Y ′′ lifting γ, which satisfies the desired property (φ′′⊗ψ′′)◦(ξ⊗η) = φ′⊗ψ′.
If h : X ′ ⊗ Y ′ → X ′′⊗ Y ′′ is any other lift such that g ◦ h = f = g ◦ (ξ ⊗ η) we have h = ξ⊗ η since
X ⊗C Y is left-cancellative over S. This shows the lift we constructed is unique, which finishes the
proof that X ⊗C Y is fibred in groupoids over S. 
3. Application to Moduli Spaces of Abelian Schemes.
Using the results from §1, we apply the Serre tensor construction to certain moduli spaces of
polarized abelian schemes related to PEL Shimura varieties. In the complex case, we show that we
can construct all objects of the target moduli space in this way. Over a general base scheme, using
deformation theory we show that all abelian schemes in the target family can be constructed e´tale
locally on the base. These results are formulated as an equivalence of categories in the complex
case, and an isomorphism of stacks in general.
3.1. The moduli space MnΦ. Let K be a CM-field of degree 2g over Q, Φ a CM-type for K, and
n > 0 an integer. Let L be the reflex field of (K,Φ). By OK , resp. OL, we denote the ring of
integers of K, resp. L. We define a moduli space MnΦ over SpecOL as follows.
Definition 30. For a locally noetherian scheme S over SpecOL, M
n
Φ(S) is the category whose
objects are triples (A, ι, λ) where:
• A is an abelian scheme of relative dimension ng over S.
• ι : OK →֒ EndS(A) is an injective ring homomorphism taking complex conjugation on OK
to the Rosati involution on EndS(A)Q.
• λ : A→ A∨ is an OK -linear principal polarization.
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In addition, the triple (A, ι, λ) is required to satisfy the following ideal condition. Let the ideal JΦ
be the kernel of the map
(3.1) OK ⊗OL →
∏
φ∈Φ
C
(φ), (α ⊗ β) 7→ (φ(α) · β)φ.
Here C(φ) denotes C, considered as a K-algebra via φ : K →֒ C. We require that the action of
OK ⊗OL on LieS(A) satisfy
JΦLieS(A) = 0.(3.2)
The morphisms ofMnΦ(S) are defined to be OK -linear isomorphisms of abelian schemes preserving
the polarizations.
The functor S 7→ MnΦ(S) defines a category fibred in groupoids over the category Sch/OL of
locally noetherian OL-schemes. It is representable by a Deligne-Mumford stack over SpecOL,
which we also denote by MnΦ. When n = 1, it is an integral model of the stack of principally
polarized abelian varieties with CM by (K,Φ).
We first show MnΦ is e´tale and proper over SpecOL (Theorem 35), generalizing results of B.
Howard for the n = 1 case [10, Theorem 2.1.3], as well as forK quadratic imaginary [11, Proposition
2.1.2]. Our proof is essentially the same, using the deformation theory of abelian schemes. The key
to adapting Howard’s proof is the ideal condition, which we now discuss.
In order to obtain a well-behaved moduli space, one typically imposes restrictions on the action
of ι(a) induced on LieS(A), for all a ∈ OK . For instance to obtain integral models of PEL Shimura
varieties attached to unitary groups of a certain signature, one may impose a corresponding signa-
ture condition by prescribing the characteristic polynomial of ι(a) acting on LieS(A). For us, the
relevant abelian schemes are those that are, over C, isogenous to the nth power of a CM abelian
variety of type Φ. The corresponding signature condition is then
charpoly(ι(a)|LieS(A),X) =
∏
φ∈Φ
(X − φ(a))n,(3.3)
where the right hand side is identified with its image under the map OL[X] → OS [X] induced by
the structure morphism S → SpecOL.
However, over characteristic p > 0 for p ramified in K, the signature condition is not restrictive
enough, since some embeddings φ ∈ Φ may coincide. For example, let K be quadratic imaginary,
so that L = K and Φ consists of a single embedding φ : K →֒ C. Let S be a scheme over SpecOK
of characteristic p, where p is ramified in K. Then for any a ∈ OK , a and a
σ have the same
image under OK → OS , so that φ and φσ are indistinguishable using the OK-action on OS , and
the signature condition is always satisfied. This is a general defect of the signature condition that
causes the moduli space to acquire vertical components over ramified primes p, and so fail to be
flat over SpecOK .
For K quadratic imaginary, the wedge condition of G. Pappas [22], formulated using exterior
powers of ι(a) acting on LieS(A), is one approach to fixing the defect over ramified primes. The
resulting moduli spaces are expected to be flat in general, and this has been verified in important
special cases. The wedge condition corresponding to (3.3) is simply ι(a) = φ(a), i.e. that the two
actions of OK on LieS(A) should coincide. The resulting moduli space is then proper and smooth
over SpecOK , of relative dimension zero [11, 2.1.2]. However, it’s not clear how to extend the
wedge condition to the general CM case, since when L 6= K there is no way to directly compare
the actions of OK and OL.
For all CM fields K, the ideal condition (3.2) fixes the above defect for the specific signature
condition (3.3), which we are interested in. It is equivalent to (3.3) if n = 1, or if S has characteristic
0. In general it implies (3.3) (see Corollary 33).
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If A ∈ M1Φ(S), so that it satisfies the ideal condition, and M is a projective finitely presented
OK -module, then M ⊗OK A also satisfies the ideal condition (by Lemma 3). Then if we want M
n
Φ
to consist of objects arising from the Serre construction (at least e´tale locally), the ideal condition
on MnΦ is necessary. On the other hand, we would like M
n
Φ to have desirable properties such as
flatness. We show that for this purpose the ideal condition is also sufficient, in the sense that MnΦ
as defined is e´tale and proper over SpecOL (Theorem 35). This fact is key to the proof of the main
theorem in the last section.
First we expose some basic properties of the ideal JΦ. Following [10], let LieΦ be defined by the
exactness of the sequence of OK ⊗OL modules
(3.4) 0 // JΦ // OK ⊗OL // LieΦ // 0 .
Since LieΦ may be identified with the image of the map (3.1), it is a projective OL-module. Then
the above sequence splits as OL-modules. In particular JΦ is a direct OL-module summand of
OK ⊗OL.
Recall that σ denotes complex conjugation on OK . We also use it to denote the inducedOL-linear
automorphism on OK ⊗OL.
Lemma 31. The ideal JΦ satisfies the following properties:
(a) JΦJ
σ
Φ = JΦ ∩ J
σ
Φ = 0
(b) JΦ is a projective OL-module of rank g (where 2g = [K : Q]).
(c) Suppose T is a local OL-algebra, and D is a free (OK ⊗ T )-module of rank n. Then JΦD
is the unique direct summand of D, as a T -module, that is OK-stable, has rank ng over T ,
and satisfies JΦ(D/M) = 0.
Proof. For an embedding φ : OK →֒ C, let φL : OK ⊗ OL → C denote the ring homomorphism
α ⊗ β 7→ φ(α)β. By definition, an element x ∈ JΦ satisfies φL(x) = 0 for all φ ∈ Φ. Similarly, for
x ∈ JσΦ = JΦσ we have φL(x) = 0 for φ ∈ Φσ. It follows that for x ∈ JΦ ∩ J
σ
Φ, we have φL(x) = 0
for all embeddings φ : OK →֒ C. But the map
OK ⊗OL →
∏
φ:OK →֒C
C
(φ), (α⊗ β) 7→ (φ(α)β)φ
is injective, so x = 0, which shows JΦ ∩ J
σ
Φ = 0. Since JΦJ
σ
Φ ⊆ JΦ ∩ J
σ
Φ, this proves (a).
For (b), we first note that OK ⊗ OL is free of rank 2g over OL. Since JΦ is an OL-submodule
of OK ⊗OL, it is torsion-free, and hence projective. The rank can be verified over C by applying
⊗OLC to (3.4), which becomes
0 −→
∏
φ∈Φσ
C
(φ) −→
∏
φ:K →֒C
C
(φ) −→
∏
φ∈Φ
C
(φ) −→ 0.
For part (c), recall that JΦ is a direct summand of OK ⊗ OL as an OL-module, since as such
the exact sequence (3.4) is split. It follows that JΦD is a direct summand of D as a T -module. As
it is isomorphic to JΦ(OK ⊗ T )
n ∼= (JΦ ⊗OL T )
n, by (b) it also has rank ng over T , so it satisfies
the properties mentioned in part (c). Now suppose M is another such direct summand satisfying
these properties. The condition JΦ(D/M) = 0 implies JΦD ⊂M . It’s an exercise in commutative
algebra to show that in a free-module of finite rank, if one direct summand is contained in another
one, and both have the same rank, they are equal. Hence M = JΦD, showing uniqueness. 
For an abelian scheme A defined over S, we denote the first algebraic de Rham homology
HDR1 (A/S) = HomOS(H
1
DR(A/S),OS) by DA(S). There’s a fundamental Hodge filtration, an
exact sequence of locally free OS-modules
0→ Fil1DA(S)→ DA(S)→ LieS(A)→ 0.(3.5)
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When S = SpecT , the above may be identified with an exact sequence of projective T -modules
by passing to global sections. We will often make this identification when S is affine.
Proposition 32. Let T be a local OL-algebra with a separable residue field F, S = SpecT , and
(A, ι, λ) ∈ MnΦ(S). Then:
(a) DA(S) is free of rank n over OK ⊗ T .
(b) The choice of an isomorphism (OK⊗T )
n ∼−→ DA(S) leads to an isomorphism of short exact
sequences
0 // JΦ(OK ⊗ T )
n //
≃

(OK ⊗ T )
n //
≃

LieΦ ⊗OL T
n //
≃

0
0 // Fil1DA(S) // DA(S) // LieS(A) // 0.
Proof. For (a), we first consider the case T = F. If the characteristic of F is zero, then DA(F ) =
HDR1 (A/F) is free of rank n over OK⊗F by comparison with Betti homology. If the characteristic is
p > 0, one first shows that the covariant Dieudonne´ module D(A) is free of rank n over OK⊗W (F).
This is proved in [23, Lemme 1.3], where it is stated in terms of H1cris(A). The result then follows
by HDR1 (A/F)
∼= D(A)⊗W (F) F.
Now let T be any local ring with residue field F and S = SpecT . Let A0 denote A⊗F. We have
DA(S)⊗TF ∼= DA0(F) ≃ (OK⊗F)
n. Let {x1, · · · , xn} be the lift toDA(S) of an (OK⊗F)-basis for
DA0(F), and let (OK ⊗ T )
n → DA(S) be the OK ⊗ T -linear map sending ei to xi. By Nakayama’s
lemma for the local ring T , this map is surjective. Let K denote the kernel. Since DA(S) is
projective over T , we have (OK ⊗ T )
n ≃ K ⊕DA(S), which shows K is also projective, hence free.
Now applying –⊗T F to the isomorphism (OK ⊗T )
n ≃ K ⊕DA(S) shows that K ⊗T F = 0, which
implies K = 0 by considering rank. Thus the map (OK ⊗ T )
n → DA(S) is also injective, hence an
isomorphism.
For part (b), note that since (OK ⊗ T )
n ∼= (OK ⊗OL)⊗OL T
n, the first row can be obtained by
tensoring (3.4) with T n over OL, so it is exact. The ideal condition JΦLieS(A) = 0 and the exactness
of the second row together imply that the composition JΦ(OK ⊗T )
n → (OK ⊗T )
n → DA(S) lands
in Fil1DA(S), providing the map on the left. Exactness of the first row then provides the map on
the right. As LieS(A) is a projective T -module of dimension ng, Fil
1
DA(S) is a direct summand
of DA(S) satisfying the conditions in Lemma 31(c), so it must coincide with JΦDA(S), which is
the image of JΦ(OK ⊗ T )
n in DA(S). Therefore the map on the left is also an isomorphism. Then
since the vertical maps in the middle and the left are isomorphisms, so is the one on the right. 
Corollary 33. Let S be a scheme locally of finite type over SpecOL, and (A, ι, λ) ∈ M
n
Φ(S). Then
for each a ∈ OK ,
charpoly(ι(a)|LieS(A),X) =
∏
φ∈Φ
(X − φ(a))n.
Proof. The assertion is an identity of global sections of OS [X], the given polynomial being identified
with its image underOL[X]→ OS [X]. Since such an identity may be checked at the stalks of OS [X],
we may assume S = SpecT , where T is a local OL-algebra. Furthermore, since S is locally of finite
type over SpecOL, the residue field of T either has characteristic zero, or is a finite extension of
the residue field of a closed point in SpecOL. In either case, it is separable. Now by Lemma 32(b),
LieS(A) is isomorphic to LieΦ ⊗OL T
n as an OK ⊗ T -module. The characteristic polynomial of
a ∈ OK acting on LieΦ can be seen to equal
∏
φ∈Φ(X − φ(a)) after extending scalars to C and
using the fact LieΦ ⊗OL C ≃
∏
φ∈ΦC
(φ). The image of the same polynomial under OL[X]→ T [X]
gives the characteristic polynomial of a ∈ OK acting on LieΦ ⊗OL T . Therefore a ∈ OK acting on
LieS(A) ≃ Lie⊗OL T
n ∼= (Lie⊗OL T )
n has characteristic polynomial
∏
φ∈Φ(X − φ(a))
n. 
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We now turn to the deformation theory of abelian schemes to prove MnΦ has the expected
properties. Let us fix a point y ∈ SpecOL. The completed e´tale local ring Ô shL,y of SpecOL at y is
the completion of the ring of integers of the maximal unramified extension of OL,y. Following the
notation of [10], we denote it by WΦ. Its residue field, a separable closure of k(y), will be denoted
F. Let CΦ be the category of complete local noetherian WΦ-algebras with residue field F, and AΦ
its subcategory of artinian rings. The relevant facts from deformation theory of abelian schemes
[14, Ch. 2] are summarized as follows.
Let T ′ ։ T be a surjection in CΦ with kernel I satisfying I
2 = 0. Set S = SpecT and S′ =
SpecT ′. An abelian scheme A/S always lifts to some abelian scheme A′/S′, and for any such A′
there’s a canonical isomorphism DA′(S
′) ⊗T ′ T ∼= DA(S). Furthermore, the T
′-module DA′(S
′) is
up to canonical isomorphism independent of the choice of the lift. For convenience we hide away
the canonical isomorphisms, erasing A′ from the notation and writing D˜A(S
′) instead of DA′(S
′).
The submodule Fil1DA′(S
′) of D˜A(S
′) on the other hand does depend on the choice of the lift,
and determines it completely. More specifically, there is a bijection between lifts A′/S′ of A/S,
and projective T ′-submodules M of D˜A(S
′) such that M ⊗T ′ T ∼= Fil
1
DA(S) via the isomorphism
D˜A(S
′)⊗T ′ T ∼= DA(S).
Let A′/S′ be a lift of A/S. For an element φ ∈ EndS(A), the induced T -module endomorphism
of DA(S) lifts canonically to a morphism φ∗ : D˜A(S
′) → D˜A(S
′). Then φ lifts (uniquely) to an
endomorphism of abelian schemes φ′ : A′ → A′ if and only if φ∗ leaves the corresponding T
′-
submodule Fil1DA′(S
′) invariant. In particular, an OK -action ι : OK →֒ EndS(A) lifts (uniquely)
to an OK -action ι
′ on A′ if and only if Fil1DA′(S
′) is an OK -submodule of D˜A(S
′).
A polarization λ : A→ A∨ induces a symplectic pairing 〈 , 〉λ on DA(S) which lifts to a pairing
on D˜A(S
′), denoted 〈 , 〉′λ. Given a lift A
′/S′ of A/S, λ lifts (uniquely) to a map λ′ : A′ → A′∨
if and only if the submodule Fil1DS′(A
′) of D˜A(S
′) is totally isotropic for 〈 , 〉′λ. In that case λ
′
is a polarization for A′, and it is principal if λ is. If A has an OK-action that lifts to A
′ and λ is
OK -linear, so is λ
′. In addition, the Rosati involution induced by λ corresponds to the adjoint for
the pairing 〈 , 〉′λ, so that 〈ax, y〉
′
λ = 〈x, a
σy〉′λ for all x, y ∈ D˜A(S
′), a ∈ OK .
Putting the above facts together, we see that lifting a triple (A, ι, λ) over S to (A′, ι′, λ′) over S′ is
equivalent to lifting the Hodge filtration Fil1DA(S) of A to an OK-stable projective T
′-submodule
of D˜A(S
′) that is totally isotropic with respect to the pairing 〈 , 〉′λ. Such a lift satisfies the ideal
condition if and only if JΦD˜A(S
′) ⊆ Fil1DA′(S
′).
Proposition 34. Every object in MnΦ(F) lifts uniquely to M
n
Φ(T ), for all T ∈ CΦ.
Proof. Every T in CΦ is an inverse limit of its quotients, which are artinian rings in AΦ ⊂ CΦ.
Then it’s enough to show the claim for T ∈ AΦ, since M
n
Φ is an algebraic stack for which formal
deformations are effective. Each such artinian ring has a surjective map to F which is a composition
of finitely many surjections in AΦ, with square-zero kernels. Therefore it suffices to show that for
a surjective map T ′ ։ T in AΦ having square-zero kernel, with S = SpecT and S
′ = SpecT ′,
every object (A, ι, λ) of MnΦ(S) lifts uniquely to an object of M
n
Φ(S
′). For such an object (A, ι, λ),
we have the Hodge filtration of projective T -modules (3.5). By Proposition 32, Fil1DA(S) is the
T -submodule JΦDA(S) of DA(S). For the same reason, any lift (A
′, ι′, λ′) of (A, ι, λ) to S′, if such
exists, would have Fil1DA′(S
′) = JΦDA′(S
′) = JΦD˜A(S
′), and would therefore be unique, by the
deformation theory outlined above.
Now we claim M = JΦD˜A(S
′) ⊂ D˜A(S
′) does indeed correspond to a lift of (A, ι, λ) to S′. It lifts
the Hodge filtration since M ⊗T ′ T = JΦD˜A(S
′)⊗T ′ T ∼= JΦDA(S), which is equal to Fil
1
DA(S) as
we have just noted. Since M is OK -stable, the pair (A, ι) lifts (uniquely) to a pair (A
′, ι′). Since
JΦD˜A(S
′) ⊆M , the pair (A′, ι′) satisfies the ideal condition. It remains to show that M is totally
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isotropic for 〈 , 〉′λ. For x, y ∈ D˜A(S
′) and r, s ∈ JΦ, we have
〈rx, sy〉′λ = 〈s
σrx, y〉′λ = 0,
since sσr = 0 by Lemma 31(a). 
Theorem 35. The stack MnΦ is e´tale and proper over SpecOL.
Proof. Let F be a separably closed field, and x : SpecF → MnΦ a geometric point of M
n
Φ. Let
y : SpecF→ SpecOL be the underlying geometric point, with image y ∈ SpecOL. Fix a surjective
e´tale morphism M ։M from a scheme M . Then x lifts to a map SpecF→M with image x ∈M
lying over y ∈ Spec(OL), and M → Spec(OL) induces a map of e´tale local rings O
sh
L,y → O
sh
M,x. To
show MnΦ → Spec(OL) is e´tale, it’s enough to show the induced map on completions
Ô shL,y → Ô
sh
M,x
is an isomorphism. The ring Ô shL,y, which is the completion of the ring of integers of the maximal
unramified extension of OL,y, will be denoted WΦ as before. The ring Ô shM,x, which is up to
isomorphism independent of the choice of M ։MnΦ, will be denoted RM.
The geometric point x lifts uniquely to a map SpecF→ SpecRM, whose image lies over x ∈M .
The image of the corresponding ring homomorphism RM → F is the separable closure F
′ of the
residue field k(x) of OM,x in F. Then SpecF → SpecRM factors uniquely through SpecF →
SpecF′, so it is harmless to assume F itself is the residue field of RM. Then since M → SpecOL
is locally of finite type, F is also the residue field of WΦ.
Let CΦ be the category of complete local noetherian WΦ-algebras with residue field F. If
(Ax, ιx, λx) ∈ M
n
Φ(F) corresponds to x : SpecF→M
n
Φ, then for any T ∈ CΦ, the set HomWΦ(RM, T )
corresponds to lifts of (Ax, ιx, λx) to M
n
Φ(T ). By Proposition 34, there is a unique such lift for
every T , hence a unique morphism RM → T of WΦ-algebras. In other words, RM is an initial
object of CΦ. SinceWΦ is also an initial object, the mapWΦ → RM must be an isomorphism. This
proves MnΦ → SpecOL is e´tale.
The fact thatMnΦ is proper over SpecOL follows from the valuative criterion of properness. The
proof is identical to the quadratic imaginary case in [10, Proposition 2.1.2]. 
Next we begin the systematic construction of the morphisms and objects of MnΦ.
3.2. Serre construction of MnΦ: the morphisms. Let (K,Φ) be, as in the previous section,
a CM-field of degree 2g over Q, and set R = OK . Let Hermn(R) denote the category of pairs
(M,h) consisting of a projective finitely presented R-module M of rank n, and a non-degenerate
positive-definite R-hermitian form h :M →M∨. It follows from Theorem 17 that given an object
(A, ι, λ) of M1Φ(S), and another (M,h) of Hermn(R), the triple
(M ⊗R A, ι⊗ 1A, h⊗ λ)
is a well-defined object of MnΦ(S). We will denote it by
(M,h) ⊗ (A, ι, λ).
It follows that the 2-group Herm1(R) acts on M
1
Φ(S) on the left via the Serre construction. It
also acts on Hermn(R) on the right via ordinary tensor product. Thus, as described in §2, we can
form the the tensor product category
Hermn(R)⊗Herm1(R)M
1
Φ(S).
To avoid confusion with the Serre construction, we denote the objects of this category by
(M,h) ⊠ (A, ι, λ).
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Likewise, we denote the pure tensor morphisms in the same category by f ⊠ φ. There is then a
functor
ΣS : Hermn(R)⊗Herm1(R) M
1
Φ(S) −→M
n
Φ(S),
given on objects by
ΣS : (M,h) ⊠ (A, ι, λ) 7→ (M,h) ⊗ (A, ι, λ),
sending morphisms f ⊠ φ to f ⊗ φ, and mapping associator isomorphisms to their counterparts.
The purpose of most of this section is to prove the following.
Proposition 36. The functor ΣS : Hermn(R)⊗Herm1(R) M
1
Φ(S) −→M
n
Φ(S) is fully faithful.
We will first characterize the morphisms inMnΦ that are in the image of the functor ΣS, and then
compare our result with the description given in §2 of the morphisms of Hermn(R)⊗Herm1(R)M
1
Φ(S).
For general abelian schemes A and B over a connected base S, and a point s ∈ S, by the rigidity
lemma of [20, Ch. 6], the map HomS(A,B) → Homk(s)(As, Bs) given by base change to the fibre
at s is injective. For R-linear maps of abelian schemes in M1Φ(S), we have the following.
Theorem 37. Let (A, ι, λ), (B, , µ) ∈ M1Φ(S) with HomR(A,B) 6= 0. Then for any morphism T →
S of connected locally noetherian OL-schemes, the map HomR(A,B)→ HomR(AT , BT ) induced by
base change is a bijection.
Proof. By the rigidity lemma of [20, §6.1], the map in question is injective, so it’s enough to show
surjection.
First we show the hom sheaf H = HomR(A,B) is representable by an e´tale scheme over S. It
is well-known that H is representable by a scheme locally of finite type over S (e.g. [9, §6], or
[2, proof of 1.4.4.5]). H/S is locally of finite presentation, since it’s locally of finite type and S is
locally noetherian. Then to show H is e´tale over S it’s enough to show it’s formally e´tale.
Let T0 →֒ T be a closed immersion of S-schemes defined by a square-zero sheaf of OT -ideals.
Let u : AT0 → BT0 be in H(T0). We must show u lifts to an R-linear morphism u˜ : AT → BT .
Uniqueness is automatic by infinitesimal rigidity [14, Lemma 2.2.2.1]. For any such u, the induced
map u∗ : DA(T0)→ DB(T0) on de Rham homology lifts to a u˜∗ : D˜A(T )→ D˜B(T ) of OT -modules
[14, 2.1.6.4]. The morphism u lifts to a u˜ : AT → BT if and only if u˜∗ respects the Hodge filtrations
[14, 2.1.6.9]. By Proposition 32, we must show u˜∗(JΦD˜A(T )) ⊂ JΦD˜B(T ). This follows from
JΦ ⊂ R⊗OL, and the fact that u˜∗ is R⊗OL-linear. Thus H → S is formally e´tale, hence e´tale. It
is also surjective since H as an S-group scheme admits a section.
The valuative criterion of properness implies, as in [9, Corollary 6.9], that every connected
component of H is proper, and hence finite e´tale, over S.
Let s→ S be a fixed geometric point. Applying the equivalence of [19, Theorem I.5.3] to every
connected component of H equips Hs with an R-linear action of π
et
1 (S, s). The fundamental group
acts trivially on the image of Hom(A,B)→Hs, which has finite index since Hom(A,B) and Hs are
rank-one projective R-modules. It follows that the action is trivial. Then by [19, Theorem I.5.3],
each connected component of H is a constant S-scheme, isomorphic to S itself.
Hence H is a disjoint union of copies of S, from which the theorem follows. 
Let S ∈ Sch/OL be connected, and suppose (A, ι, λ), (B, , µ) are inM
1
Φ(S). Any f ∈ HomR(A,B)
has a Rosati dual f ′ ∈ HomR(B,A) defined by f
′ = λ−1 ◦ f∨ ◦ µ.
Proposition 38. Let (A, ι, λ), (B, , µ) ∈ M1Φ(S), with HomR(A,B) 6= 0. Let HomR(B,A)⊗R B
be equipped with the induced R-action. Then:
(a) The canonical map HomR(B,A)⊗R B → A is an R-linear isomorphism.
SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES 23
(b) The map
HomR(B,A)⊗R HomR(A,B)→ End(A), f ⊗ g 7→ f ◦ g
is an isomorphism of R-modules.
(c) The map
HomR(A,B)×HomR(A,B)→ R, (f, g) 7→ ι
−1(g′ ◦ f)
is a positive-definite non-degenerate hermitian form.
Proof. The map in (a) is an isogeny, so its kernel is a finite group scheme. Its triviality can then
be checked on geometric points Spec(k) → S. By Proposition 34 one can reduce to characteristic
zero, and even assume k = C. In that case we have B(C) ≃ Cg/Φ(b), where b is a fractional ideal
of K and Φ(b) is the image of
b→ Cg, b 7→ (φ1(b), φ2(b), · · · , φg(b)),
with (φ1, · · · , φg) a fixed ordering of Φ. Similarly A(C) ≃ C
g/Φ(a) for a fractional ideal a, and
so HomR(B,A) ∼= b
−1
a. The canonical map HomR(B,A) ⊗R B → A is then induced by the
multiplication map b−1a⊗R b→ a, which is clearly an isomorphism. This proves (a).
For (b), the given map is the composition of the following canonical isomorphisms
HomR(B,A)⊗R HomR(A,B) ∼= HomR(R,HomR(B,A)) ⊗R HomR(A,B)
∼= HomR(R⊗R A,HomR(B,A)⊗R B) (by Prop. 2(c))
∼= HomR(A,A) = EndR(A) (using (a))
It’s clear that the given pairing in (c) is hermitian. For non-zero f ∈ HomR(A,B), we have
λ ◦ (f ′ ◦ f) = f∨ ◦ µ ◦ f which is a polarization on A, so ι−1(f ′ ◦ f) is totally positive by Corollary
11. The bilinear map corresponds to the linear map in (b) up to composition with the Rosati dual
and the isomorphism ι. Its non-degeneracy is then equivalent to the isomorphism in (b). 
The following lemma is a step towards characterizing the morphisms of MnΦ(S).
Lemma 39. Let (M,h), (N, k) ∈ Hermn(R), and (A, ι, λ), (B, , µ) ∈ M
1
Φ(S). Suppose that
f : M → N and φ : A → B are R-linear homomorphisms, such that f ⊗ φ is a morphism in
MnΦ(S). Then there exists a totally real unit r ∈ R
× such that
f : (M,h)→ (N, r · k) and φ : (A, ι, λ)→ (B, , r−1 · µ)
are morphisms in Hermn(R) and M
1
Φ(S), respectively.
Proof. Since f ⊗ φ is a morphism in MnΦ(S), we have
h⊗ λ = (f ⊗ φ)∨ ◦ (k ⊗ µ) ◦ (f ⊗ φ) = (f∨ ⊗ φ∨) ◦ (k ⊗ µ) ◦ (f ⊗ φ) = (f∨ ◦ k ◦ f)⊗ (φ∨ ◦ µ ◦ φ).
As λ is principal, it generates the R-module HomR(A,A
∨), so for some r ∈ R we have
(3.6) φ∨ ◦ µ ◦ φ = r · λ, h = r · (f∨ ◦ k ◦ f).
Now we have
M∨ ⊇ im(f∨ ◦ k ◦ f) ⊇ r · im(f∨ ◦ k ◦ f) = im(h),
where im(·) denotes the image of a map. But since h as an isomorphism is surjective, we have
im(h) =M∨, therefore
M∨ = im(h) = r · im(f∨ ◦ k ◦ f) = rM∨.
By Nakayama’s lemma, M∨ = rM∨ implies r is a unit in R. Now φ : A → B is an isogeny, so
φ∨ ◦ µ ◦ φ = r · λ = λ ◦ ι(r) is a polarization on A. By Corollary 11, r must be totally positive.
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On the other hand, since r is a unit and λ is an isomorphism, so is λ◦ι(r) = φ∨◦µ◦φ. In particular,
the isogeny φ is injective, and is therefore an isomorphism. The map R→ HomR(A,B), r 7→ φ◦ι(r)
is then an isomorphism of R-modules, and by Proposition 2(c), so is
HomR(M,N)→ HomR(M ⊗R A,N ⊗R B), g 7→ g ⊗ φ.
Since f maps to an isomorphism f ⊗ φ on the right hand side, it must itself be an isomorphism
of modules. Finally, as r ∈ R is a totally positive unit, (N, r · k) and (B, , r−1 · µ) are objects of
Herm1(R) and M
1
Φ(S). The relation (3.6) now shows that f and φ are structure-preserving, hence
morphisms in Hermn(R) and M
1
Φ(S) as claimed. 
We will show that a given morphism can always be written as a composition of a pure tensor
with a morphism of a particular type, which we now construct.
Let (a, α) ∈ Herm1(R), (B, , µ) ∈ M
1
Φ(S), and suppose (a
′, α′) ∈ Herm1(R) is an inverse of
(a, α), meaning there exists an isomorphism
κ : (a, α) ⊗R (a
′, α′) ∼−→ (R,1).(3.7)
Let (N ′, k′) = (N, k)⊗R (a, α) and (B
′, λ′, µ′) = (a′, α′)⊗ (B,λ, µ). Then we have an isomorphism
(3.8) ωκ : (N
′, k′)⊗ (B′, ′, µ′)→ (N, k) ⊗ (B, , µ),
given on T -valued points by
(ωκ)T : (N ⊗R a)⊗R (a
′ ⊗R B(T ))→ N ⊗R B(T ), (n⊗ x)⊗ (y ⊗ t) 7→ n⊗ κ(x⊗ y) · t.
The map ωκ is evidently an R-linear isomorphism of abelian schemes. In fact, it is also an
isomorphism of triples. Verifying this amounts to showing the dual of an associator map is the
expected associator of the duals. This can be checked using the explicit formula in Proposition 5.
The morphism ωκ above is in general not a pure tensor. Indeed, assume ωκ = f ⊗φ. By Lemma
39, φ : B′ = a′ ⊗R B → B must be an R-linear isomorphism, which implies a
′ ≃ R, hence also
a ≃ R. Then if a is not a principal ideal ωk is not a pure tensor.
The following theorem gives an explicit description of all the morphisms between objects pro-
duced by Serre’s construction in MnΦ.
Theorem 40. Let (A, ι, λ), (B, , µ) ∈ M1Φ(S) and (M,h), (N, k) ∈ Hermn(R), and let
Ψ : (M,h) ⊗ (A, ι, λ) ∼−→ (N, k)⊗ (B, , µ)
be a morphism in MnΦ. Then Ψ = ω ◦ (f ⊗ φ) for some ω as in (3.8), and
f : (M,h) ∼−→ (N, k)⊗ (a, α), φ : (A, ι, λ) ∼−→ (a′ ⊗R α
′)⊗ (B, , µ),
morphisms in Hermn(R) and M
1
Φ respectively. Here, a = HomR(A,B), a
′ = HomR(B,A), and α,
α′ are the hermitian forms in Proposition 38(c), up to a totally positive unit r ∈ R×. The map ω
is given on T -valued points by
ωT : (N ⊗R a)⊗ (a
′ ⊗R B(T ))
∼−→ N ⊗R B(T ), (n⊗ f)⊗ (g ⊗ t) 7→ n⊗ (g ◦ f ◦ t), T ∈ Sch/S .
Proof. The map ω corresponds to ωk in (3.8) where κ is the isomorphism in Proposition 38(b). We
put
(B′, ′, µ′) = (a′, α′)⊗ (B, , µ), (N ′, k′) = (N, k)⊗ (a, α),
and Ψ0 = ω
−1 ◦Ψ, so that
Ψ0 : (M,h)⊗ (A, ι, λ)
∼−→ (N ′, k′)⊗ (B′, ′, µ′).
By Proposition 38(a) we have B′ ≃ A. Then HomR(A,B
′) ≃ R, so by Proposition 2(c) every
element of HomR(M ⊗R A,N
′ ⊗R B
′) is a pure tensor, including Ψ0. Hence by Lemma 39 there
exists a totally positive unit r ∈ R× and isomorphisms
f : (M,h) ∼−→ (N ′, r · k′), φ : (A, ι, λ) ∼−→ (B′, ′, r−1 · µ′),
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in Herm1(R) and M
1
Φ(S), such that Ψ0 = f ⊗ φ. In particular, Ψ = ω ◦ (f ⊗ φ). 
We note that the map ω from the theorem has the same form as ωa,X,Y of (2.3) from §2.
Indeed, with notation as in the theorem, put X = (N, k), Y = (B, , µ), and a = (a, α). The
pair (a′, α′) can be taken as a−1, with Ia : aa
−1 ∼−→ e given by κ : (f ⊗ g) 7→ ι−1(g ◦ f). Then
ωa,X,Y : Xa ⊠ a
−1Y ∼−→ X ⊠ Y of (2.3) is mapped to ω of Theorem 40 by the Serre construction
functor
ΣS : Hermn(R)⊗Herm1(R) M
1
Φ(S) −→M
n
Φ(S),
(M,h) ⊠ (A, ι, λ) 7→ (M,h) ⊗ (A, ι, λ).
We now prove Proposition 36, claimed at the start of this section, that ΣS is fully faithful.
Proof of Proposition 36: Surjectivity of ΣS on morphisms follows from Theorem 40, since any mor-
phism Ψ in MnΦ(S) has the form ω ◦ (f ⊗φ), and ω is in the image of ΣS as noted above. We show
injectivity by comparing Theorem 40 with Proposition 24.
Given a morphism
τ : (M,h) ⊠ (A, ι, λ)→ (N, k) ⊠ (B, , µ)
in the domain of ΣS, by Proposition 24 we can write τ = ω0 ◦ (f ⊠φ), where ω0 = ω(N,k),(B,,µ),(a,α)
depends on (a, α), (a′, α′) ∈ Herm1(R), and an isomorphism I(a,α) : (a, α)⊗R (a
′, α′)→ (R,1). The
map f ⊠ φ is of the form
f ⊠ φ : (M,h) ⊠ (A, ι, λ) → (N ′, k′)⊠ (B′, ′, µ′),
with (B′, ′, µ′) = (a′, α′) ⊗ (B, , µ) and (N ′, k′) = (N, k) ⊗R (a, α). We can replace any of the
objects A, B, a and a′ by isomorphic ones since that does not alter the general form ω0 ◦ (f ⊠ φ),
as long as we also supply I(a,α).
Since φ : A→ B′ is an isomorphism, we have a ≃ HomR(A,B) and a
′ ≃ HomR(B,A), equipped
with some α,α′. The hermitian forms on a, a′ given by Proposition 38(c) are rα and r−1α′ for
some totally positive r ∈ R×. Regardless of the value of r, the map in Proposition 38(b) can be
taken as I(a,α). With this choice of a, a
′ and I(a,α), we have ΣS(ω0) = ω, where ω is as in Theorem
40.
Now let τ0 be another morphism such that ΣS(τ0) = ΣS(τ). We must show τ0 = τ . By the same
argument as above, τ0 can be written as ω0 ◦ (f0 ⊠ φ0) with the same ω0. Then
f ⊗ φ = ω−1 ◦ΣS(τ) = ω
−1 ◦ ΣS(τ0) = f0 ⊗ φ0.
It remains to show this implies f ⊠ φ = f0 ⊠ φ0.
Since φ0 : A→ B
′ and φ : A→ B′ are R-linear isomorphisms, we have φ0 = r ·φ for some r ∈ R.
From f ⊗ φ = f0 ⊗ φ0, we get f = r · f0. Now ι(r) = φ0 ◦ φ
−1 is an automorphism of (A, ι, λ), so
λ = ι(r)∨ ◦ λ ◦ ι(r) = λ ◦ ι(rσr), and rσr = 1. It follows that µr : (R,1) → (R,1), x 7→ rx is an
automorphism of (R,1). Now, we have a diagram
((M,h) ⊗R (R,1))⊠ (A, ι, λ) //
(f0⊗µr)⊠φ

++❱❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
(M,h) ⊠ ((R,1)⊗ (A, ι, λ)
f0⊠(µr⊗φ)

ss❤❤❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤❤
❤❤
(M,h) ⊠ (A, ι, λ)

(N ′, k′)⊠ (B′, ′, µ′)
((N ′, k′)⊗R (R,1))⊠ (B′, ′, µ′) //
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
(N ′, k′)⊠ ((R,1)⊗ (B′, ′, µ′)),
kk❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱
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where the oblique arrows are canonical isomorphisms. The square and the two triangles commute by
the axioms of the categorical tensor product. The right trapezoid commutes if and only if the dotted
arrow is f0⊠(r ·φ) = f0⊠φ0, and the left trapezoid commutes if and only if it is (r ·f0)⊠φ = f⊠φ.
The commutativity of each trapezoid implies the other, therefore f ⊠ φ = f0 ⊠ φ0, and τ = τ0. 
3.3. Serre construction of MnΦ: the objects. In this section we look for triples inM
n
Φ(S) that
come from the Serre construction. When S = SpecC, every object is Serre constructible using an
equivalence betweenMnΦ(C) and a category of linear-algebraic data. For general S, every object of
MnΦ(S) is e´tale locally on the base Serre constructible. This is done by using Theorem 35 to reduce
to the complex case.
The following lemma simplifies the task of detecting Serre constructible triples.
Lemma 41. Suppose (B, , µ) and (A, ι, λ) are objects in MnΦ(S) and M
1
Φ(S) respectively, M is
a projective finitely presented OK-module of rank n, and Ψ : M ⊗OK A → B is an OK-linear
isomorphism of abelian schemes. Then there exists a unique h : M → M∨ such that (M,h) ∈
Hermn(OK), and Ψ : (M,h) ⊗ (A, ι, λ) → (B, , µ) is an isomorphism of triples.
Proof. The map λM = Ψ
∨ ◦ µ ◦ Ψ is an OK -linear principal polarization on M ⊗OK A. As λ is
a basis for HomOK (A,A
∨), by Proposition 2(c) we have λM = h ⊗ λ for a unique OK -linear map
h : M → M∨. By Proposition 18, (M,h) ∈ Hermn(OK). Then (M,h) ⊗ (A, ι, λ) is an object of
MnΦ(S), and Ψ is an isomorphism of triples. 
We first consider the case S = SpecC. For any field embedding φ : K → C, letC(φ) denoteC as a
K⊗C-algebra, with structure homomorphismK⊗C→ C(φ), a⊗z → φ(a)z. ThenCΦ =
⊕
φ∈ΦC
(φ)
is also a K ⊗C-algebra. If V is any K-vector space, there’s a K-linear isomorphism
(3.9) V ⊗R ∼= V ⊗K (K ⊗R) ≃ V ⊗K C
Φ ∼=
⊕
φ∈Φ
V ⊗K C
(φ).
Lemma 42. Let (A, ι, λ) ∈ MnΦ(C) and V = H1(A,Q). If V ⊗ R is equipped with the C-vector
space structure induced by A as a complex variety, the isomorphism of (3.9) is K ⊗C-linear.
Proof. From the Hodge filtration Fil1H1(A,C) ⊂ H1(A,C), we have
H1(A,R) ∼= H1(A,C)/Fil
1H1(A,C) ∼= Lie(A).
By Proposition 32, Fil1H1(A,C) = JΦH1(A,C). Then we have K ⊗C-linear isomorphisms
H1(A,C)/JΦH1(A,C) ∼= H1(A,C)⊗K⊗C (K ⊗C/JΦ(K ⊗C)) ∼= H1(A,C) ⊗K⊗C C
Φ.
The resulting K⊗C-linear map H1(A,R)→ H1(A,C)⊗K⊗CC
Φ is evidently the same as (3.9). 
By the general theory of complex abelian varieties, the isomorphism class of a triple (A, ι, λ) over
C is uniquely determined by the OK -module H = H1(A,Z), the Riemann form E : H ×H → Z,
and the complex structure on H ⊗ R ∼= Lie(A). For (A, ι, λ) ∈ MnΦ(C), the lemma shows the
complex structure is determined by the other data.
Let H be a projective finitely presented OK -module. Suppose E : H ×H → Z is alternating,
with
E(αx, y) = E(x, ασy), α ∈ OK , x, y ∈ H.(3.10)
Then E = TrK/Q F for a unique δ
−1
K -valued skew-hermitian form F : H ×H → δ
−1
K , where δ
−1
K is
the inverse different of K/Q. Let {αj} be a Z-basis for OK , and {βj} the trace-dual basis for δ
−1
K .
Then
F (x, y) =
∑
j
E(x, αjy)βj .(3.11)
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For any x ∈ H, ζ = F (x, x) satisfies ζ = −ζσ. Since K is a CM field, then also φ(ζ) = −φ(ζ)σ
for all φ ∈ Hom(K,C). Hence if ζ 6= 0, there exists a unique CM-type Ψ ⊂ Hom(K,C) such that
Im(ψ(ζ)) < 0 for all ψ ∈ Ψ.
Definition 43. Suppose d ⊂ K is a fractional ideal satisfying dσ = d. A d-valued skew hermitian
form F : H × H → d is called negative-definite along Φ, if Im(φ(F (x, x))) < 0 for all non-zero
x ∈ H, φ ∈ Φ.
Now put U = H ⊗R. Then U ≃ H
Q
⊗K C
Φ via (3.9) is a C-vector space.
Lemma 44. E is a Riemann form for U/H if and only if F is negative-definite along Φ.
Proof. Let E
R
denote the R-linear extension of E to U×U . Let U (φ) be the subspace of U = H⊗R
corresponding to H
Q
⊗K C
(φ) ⊂ H
Q
⊗K C
Φ via (3.9). We have an orthogonal decomposition
E
R
=
⊕
φ∈ΦE
(φ), where E(φ) = E
R
|U (φ)×U (φ) . Let FR =
⊕
φ∈Φ F
(φ) be the analogous R-linear
extension of F . Each F (φ) is the C-linear extension of F to U (φ) ×U (φ), induced by φ, with values
in C(φ).
For each φ ∈ Φ, using (3.11) we have
F (φ)(x, y) =

∑
j
Re(φ(αj))φ(βj)

E(φ)(x, y) +

∑
j
Im(φ(αj))φ(βj)

E(φ)(x, iy),
where {αj}, {βj} are trace-dual bases for OK and δ
−1
K , respectively. As K is CM, we have∑
j
αjβj = 1,
∑
j
ασj βj = 0,
from which ∑
j
Re(φ(αj))φ(βj) =
1
2
,
∑
j
Im(φ(αj))φ(βj) =
i
2
.
It follows that
(3.12) F (φ)(x, y) =
1
2
E(φ)(x, y) +
i
2
E(φ)(x, iy), ∀x, y ∈ U (φ),
and in particular F (φ)(x, x) = − i2E
(φ)(ix, x). Then by the orthogonal decompositions of F and E,
F is negative-definite along Φ if and only if E(ix, y) is positive-definite. 
Now put H∗ = HomOK (H, δ
−1
K )
∼= H∨ ⊗Ok δ
−1
K . A δ
−1
K -valued sesquilinear form F corresponds
to an OK -linear map f : H → H
∗ via f(x)(y) = F (x, y). We identify f with F in this way, and
speak of skew-hermitian forms f : H → H∗. We have (H∗)∗ ∼= H canonically, so that H 7→ H∗ is
a duality on the category of projective finitely presented OK -modules. Then f is skew-hermitian if
and only if f∗ = −f . As usual, f is non-degenerate if it is an isomorphism, and that’s the case if
and only if E = TrK/Q F is non-degenerate.
More generally, suppose d is a fractional ideal of K such that dσ = d. For ǫ = ±1, a d-valued
sesquilinear form G : H×H → d is called ǫ-hermitian if H(x, y)σ = ǫH(y, x). Such G correspond to
OK -linear maps g : H → HomOK (H, d)
∼= H∨⊗OK d. If (H, g) is d-valued ǫ-hermitian, and (H
′, g′)
is d′-valued ǫ′-hermitian, then (H, g) ⊗ (H ′, g′) = (H ⊗OK H
′, g ⊗ g′) is dd′-valued ǫǫ′-hermitian.
In particular, (H ⊗ H ′, g ⊗ g′) is skew-hermitian if one of (H, g) and (H ′, g′) is hermitian, and
the other skew-hermitian. If (H, g) and (H ′, g′) are either both skew-hermitian or both hermitian,
(H ⊗ H ′, g ⊗ g′) is hermitian. If (H, g) is d-valued skew-hermitian and negative-definite along Φ
(Definition 43), and (H ′, g′) is d−1-valued skew-hermitian and negative-definite along Φσ, then
(H, g) ⊗ (H ′, g′) is OK-hermitian and positive-definite.
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Let SkewnΦ(OK) denote the category of pairs (H, f), where H is a projective finitely presented
OK -module of rank n, and f : H → H
∗ is non-degenerate δ−1K -valued skew-hermitian, and negative-
definite along Φ. The morphisms are isomorphisms of OK-modules which preserve the forms.
The 2-group Herm1(OK) acts on Skew
n
Φ(OK) via ordinary tensor product. In other words, if
(H, f) ∈ SkewnΦ(OK) and (a, α) ∈ Herm1(OK), then (H ⊗OK a, f ⊗ α) ∈ Skew
n
Φ(OK).
For each (A, ι, λ) ∈ MnΦ(C), Let Θ(A, ι, λ) = (H, f), where H = H1(A,Z) and f is
H1(A,Z)
H1(λ)
−→ H1(A
∨,Z) ∼= H1(A,Z)
∗.
Then we have a functor
Θ = Θn :M
n
Φ(C) −→ Skew
n
Φ(OK).(3.13)
Proposition 45. Θ is an equivalence of categories. It is Herm1(OK)-equivariant up to canonical
isomorphism.
Proof. This follows from the basic theory of complex abelian varieties. A quasi-inverse to Θ is given
by
Ξ : SkewnΦ(OK) −→M
n
Φ(C), Ξ(H, f) = (H ⊗R)/H,
where (H ⊗ R)/H is a complex torus via (3.9), polarized by E(x, y) = TrK/Q(f(x)(y)). The
isomorphism of functors 1MnΦ(C)
∼= Ξ ◦Θ corresponds to the canonical uniformization of a complex
abelian variety. The other direction 1SkewnΦ(OK) ≃ Θ ◦ Ξ is induced by H
∼= H1(H ⊗ R/H). It’s
straight-forward to check these are isomorphisms.
Checking Ξ is equivariant implies the same for Θ. For A = (H ⊗ R)/H, that corresponds to
a ⊗OK A
∼= (Ha ⊗R)/Ha with Ha = a ⊗OK H. That the isomorphism preserves polarizations can
be checked using the Appell-Humbert data of the corresponding Poincare´ bundles. Ultimately one
must check that canonical duality isomorphisms are compatible with associators. This follows from
the explicit form of the duality isomorphism in Theorem 5. 
For the domain of the functor
Σ
C
: Hermn(OK)⊗Herm1(OK)M
1
Φ(C)→M
n
Φ(C)
to be non-empty,M1Φ(C) must contain objects. The following theorem shows this is almost always
the case.
Theorem 46. M1Φ(C) 6= ∅ for all CM types Φ, unless K/F is unramified at every finite place. In
that case, M1Φ(C) 6= ∅ for exactly half the types.
Proof. Assume that for some CM type Φ0, M
1
Φ0
(C) is non-empty. As explained in [26, IV] that
means we can find a fractional ideal a ⊂ K and an element ζ ∈ K such that
aa
σδK = (ζ), ζ
σ = −ζ, Imφ(ζ) < 0 ∀φ ∈ Φ0,
where δK is the different ideal of K. IfM
1
Φ(C) 6= ∅ for some other CM type Φ, we get another pair
(b, ξ) with the corresponding properties. If we put c = ba−1 and r = ξζ−1, then r ∈ F , ccσ = (r),
and for any ψ : F →֒ Q, we have ψ(r) > 0 if and only if Φ∩Φ0 contains an element of Hom(K,Q)
extending ψ.
Let N0(K) denote the group of pairs (c, r), where c is a non-zero fractional ideal of K, r ∈ F
×,
and ccσ = (r). Given (c, r) ∈ N0(K), we may put b = ac and ξ = rζ. Then bb
σδK = (ξ),
ξσ = −ξ, and there exists a unique CM type Φ such that (b, ξ) defines an object of M1Φ(C). Then
(c, r) · Φ0 = Φ defines a transitive action of N0(K) on the set of CM types Φ for which M
1
Φ(C) is
non-empty. Let N+0 (K) denote the kernel of this action. It coincides with the stabilizer of any Φ0,
and consists of all pairs (c, r) such that ccσ = (r) and r ∈ F× is totally positive. Then the number
of CM types Φ such that M1Φ(C) 6= ∅ is equal to
|N0(K)/N
+
0 (K)|.
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Let UK , IK , and PK denote the units of OK , the non-zero fractional ideals of K, and its subgroup
of principal ideals, so that CK = IK/PK is the ideal class group. We also use the corresponding
notation for F . Let NK ⊂ IK consist of c such that NmK/F (c) = cc
σ is principal and generated by
an element of F . We have a surjective map N0(K)→ NK , (c, r) 7→ c and an exact sequence
0→ UF → N0(K)→ NK → 0,
where u ∈ UF is identified with (OK , u) ∈ N0(K).
Let P+F ⊂ PF denote the subgroup of principal ideals that admit a totally positive generator, so
that C+F = IF/P
+
F is the narrow class group of F . We also have a subgroup N
+
K ⊂ IK consisting of
c such that Nm+K/F (c) = cc
σ is in P+F . We get another exact sequence
0→ U+F → N
+
0 (K)→ N
+
K → 0,
where U+F ⊂ UF consists of totally positive units.
From the two exact sequences and the nine lemma we obtain another exact sequence
0→ UF/U
+
F → N0(K)/N
+
0 (K)→ NK/N
+
K → 0.(3.14)
Note that NK and N
+
K both contain PK , so that NK/N
+
K = NK/N
+
K , with NK = NK/PK and
N
+
K = N
+
K/PK considered as subgroups of CK . We then have an exact diagram
0

0

0 // N
+
K
//

NK

// NK/N
+
K
// 0
0 // CK
Nm+
K/F

CK
NmK/F

// 0
0 // Y // C+F
// CF //

0,
0
where Y is kernel of C+F → CF . To see that the norm map NmK/F : CK → CF is surjective,
note that under the reciprocity isomorphism it corresponds to the restriction map Gal(HK/K)→
Gal(HF /F ). Here HK and HF are the Hilbert class fields of K and F , and HF ⊂ HK .
For the narrow Hilbert class fields H+K and H
+
F , we have H
+
K = HK since K is totally imaginary,
and soH+F ⊂ HK. Again the map Nm
+
K/F : CK → C
+
F corresponds to the restriction Gal(HK/K)→
Gal(H+F /F ). The latter is surjective if K ∩ H
+
F = F , otherwise the image has index 2, with the
quotient isomorphic to Gal(K/F ). By a standard diagram chase we get an injection NK/N
+
K → Y ,
induced by Nm+K/F , which is an isomorphism if K/F is ramified at any finite prime, and an injection
onto a subgroup of index 2 otherwise.
Now fix an ordering (ψ1, · · · , ψg) of Hom(F,Q), put S = {±1}
[F :Q], and consider the homomor-
phism UF → S, u 7→ s = (s1, · · · , sg), where si = ψi(u)/|ψi(u)|. The kernel of this map is U
+
F ,
hence its image is isomorphic to UF /U
+
F . The cokernel of this map is in fact isomorphic to Y ,
the kernel of C+F → CF , and also to Gal(H
+
F /HF ) [3, p. 47, Lemma 11.2]. Indeed, let F
+ denote
the totally positive elements of F×. By the (weak) approximation theorem the map F× → S
extending UF → S is surjective, so that S ∼= F
×/F+. Then the cokernel of UF → S is isomorphic
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to (F×/F+)/(UF /U
+
F )
∼= F×/UFF
+ ∼= PF /P
+
F
∼= Y . It follows that |Y | · |UF /U
+
F | = |S|, and so
from NK/N
+
K = NK/N
+
K and (3.14) we obtain
|N0(K)/N
+
0 (K)| =
{
2g−1 if K/F is unramified at all finite primes
2g otherwise
Now note the surjectivity of NmK/F : CK → CF implies our initial assumption thatM
1
Φ0
(C) 6= ∅
for some Φ0. Indeed, for an arbitrary totally imaginary ζ0 ∈ K
×, the fractional ideal ζ0δ
−1
K descends
to a fractional ideal of F . Then there exists a ∈ IK such that NK/F (a)ζ
−1
0 δK is principal, generated
by some r ∈ F . In other words aaσδK = (ζ), where ζ = rζ0 is totally imaginary. Letting Φ0 be the
unique CM type such that Im(φ(ζ)) < 0 for all φ ∈ Φ0, we obtain a pair (a, ζ) corresponding to an
object of M1Φ0(C).
Thus we have shown that if K/F is ramified at any finite prime, the number of CM types Φ such
that M1Φ(C) 6= ∅ is 2
g, which is the number of all CM types. If K/F is unramified at every finite
prime, then M1Φ(C) 6= ∅ for 2
g−1 CM types, which is exactly half of them. 
We note that ifM1Φ(C) 6= ∅ for some Φ, there exists a number field L0 such thatM
1
Φ(SpecOL0) 6=
∅. This follows the fact that CM abelian varieties have potential good reduction everywhere, using
Ne´ron models.
If n is odd, we offer an explicit way to construct an object of M1Φ(C) given one in M
n
Φ(C), via
Proposition 45 and the following.
Proposition 47. Assume that n = 2m+1, and (H, f) ∈ SkewnΦ(OK). Then (a, α) ∈ Skew
1
Φ(OK),
where
a = det(H)⊗OK δ
m
K , α = (−1)
m(det(f)⊗ σ).
Proof. Since H has rank n, det(H) =
∧n
OK
H is projective of rank one. Since f is an isomorphism,
so is det(f) : det(H)→ det(H∗).
Letting a = det(H)⊗OK δ
m
K , we have canonical isomorphisms
det(H∗)⊗OKδ
m
K
∼= det(H∨⊗OKδ
−1
K )⊗OKδ
m
K
∼= det(H)∨⊗OKδ
m−n
K
∼= (det(H)⊗OKδ
m
K)
∨⊗OKδ
−1
K
∼= a∗,
where we have used det(H∨⊗OK δ
−1
K )
∼= det(H∨)⊗OK δ
−n
K and δ
∨
K
∼= δ−1K in the middle, along with
m− n = −m− 1.
Using the above isomorphism, we obtain α : a→ a∗, corresponding to
(−1)m(det(f)⊗ σ) : det(H)⊗OK δ
m
K → det(H
∗)⊗OK δ
m
K .
Note that σ : δmK → δ
m
K corresponds to a non-degenerate positive-definite δ
n−1
K -valued hermitian
form on δmK given by (x, y) 7→ x
σy. It follows that α is skew-hermitian and negative-definite along
Φ, if and only if (−1)m det(f) is so. This we can verify after tensoring with Q.
Choosing an orthogonal basis {hi}
n
i=1 of HQ with respect to FQ, det(HQ) is spanned by η =
h1 ∧ · · · ∧ hn. It follows that det(fQ)(η)(η) = ζ =
∏
i ζi, where ζi = FQ(hi, hi). Since (H, f) is
skew-hermitian each ζi is purely imaginary. Since n is odd so is ζ, which shows det(f)Q is skew-
hermitian. As (H, f) is negative-definite along Φ, we have Im(φ(ζi)) < 0 for all φ ∈ Φ. Then
Im(φ(ζ)) = (−1)m
∏n
i=1 Im(φ(ζi)), which shows (−1)
m det(f)
Q
is negative-definite along Φ. Since
det(f) : det(H) → det(H∗) and σ : δmK → δ
m
K are non-degenerate, with values in δ
−n
K and δ
n−1
K
respectively, α is non-degenerate and δ−1K -valued. 
The following proposition is a special case of the main theorem in the next section.
Proposition 48. Suppose M1Φ(C) 6= ∅ and k is an algebraically closed field of characteristic zero.
The functor
Σk : Hermn(OK)⊗M
1
Φ(k) −→M
n
Φ(k)
induced by Serre’s construction is an equivalence of categories.
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Proof. We can again assume k = C by the standard descent argument. By Proposition 36, the
functor Σ
C
is fully faithful, so we must show essential surjectivity.
We have a diagram
Hermn(OK)⊗Herm1(OK)M
1
Φ(C)
Σ
C //
1⊗Θ1

MnΦ(C)
Θn

Hermn(OK)⊗Herm1(OK) Skew
1
Φ(OK) ⊗
// SkewnΦ(OK)
which is commutative up to isomorphism. The vertical arrows are equivalences of categories by
Proposition 45. To show the top arrow is essentially surjective, it’s enough to show the same for the
bottom arrow. In other words, that every (H, f) ∈ SkewnΦ(OK) is isomorphic to (h⊗ α,M ⊗OK a)
for some (M,h) ∈ Hermn(OK) and (a, α) ∈ Skew
1
Φ(OK).
Let (a, α) ∈ Skew1Φ(OK), which is possible since M
1
Φ(C) 6= ∅. We assume a is a fractional ideal,
identify a∗ with (aσ)−1δ−1K , and α with multiplication by some ζ ∈ K. Now let b = a
−1 and define
β : b→ b∗ ∼= aσδ−1K by β(x) = ζ
−1x. Since (a, α) is skew-hermitian and non-degenerate, so is (b, β).
Since (a, α) is δ−1K -valued and negative-definite along Φ, (b, β) is δK -valued and negative-definite
along Φσ. We have (a⊗OK b, α⊗ β) ≃ (OK ,1) ∈ Herm1(OK).
For (H, f) ∈ SkewnΦ(OK), let (M,h) = (H, f)⊗OK (b, β). Since f and β are non-degenerate and
skew-hermitian, with values in δ−1K and δK respectively, h is OK -hermitian and non-degenerate. As
f and β are negative definite along Φ and Φσ respectively, h is positive-definite. Thus (M,h) ∈
Hermn(OK). Now the bottom arrow of the diagram above takes the object (M,h) ⊠ (a, α) to
(M,h)⊗OK (a, α) which is evidently isomorphic to (H, f). This shows the bottom arrow is essentially
surjective, which was enough to prove the proposition. 
Now let k be a finite extension of the reflex field L, and S a connected locally noetherian scheme
over Spec(k). Suppose (A, ι, λ) ∈ MnΦ(S).
Proposition 49. For any s ∈ S, there exists an e´tale neighbourhood U of s such that the triple
(AU , ιU , λU ) ∈ M
n
Φ(U), obtained from (A, ι, λ) by base change, arises from the Serre construction.
In other words (AU , ιU , λU ) lies in the essential image of the functor
ΣS : Hermn(OK)⊗M
1
Φ(U) −→M
n
Φ(U).
Proof. Let Mk = M
n
Φ ⊗ k → Spec(k) be the Deligne-Mumford stack over Spec(k) obtained by
base change. Since MnΦ → SpecOL is e´tale and proper by Proposition 35, so is Mk → Spec(k).
Let M ։ Mk be a surjective e´tale morphism from a scheme M to Mk. Then the composition
M → Spec(k) is an e´tale morphism of schemes, soM is isomorphic to a disjoint union
∐
α Spec(kα),
with each kα a finite (separable) extension of k.
Let S →MnΦ be the morphism corresponding to the triple (A, ι, λ) ∈ M
n
Φ(S). It lifts uniquely
to a morphism S → Mk, since S → Spec(OL) factors through Spec(k) → Spec(OL). Let S
′ =
S ×Mk M and consider the morphism S
′ → M lying over S →Mk. Since M →Mk is e´tale and
surjective, so is S′ → S.
Let s ∈ S be a point. Let U be a connected component of S′ containing a point u mapping
to s ∈ S, so that (U, u) is an e´tale neighbourhood of s. The base change triple (AU , ιU , λU )
corresponds to a morphism U →MnΦ which factors as a composition U → M →M
n
Φ. Since U is
connected and M is a disjoint union of Spec(kα), the map U → M further factors through some
Spec(k′) →֒M , where k′ is a finite extension of k. Thus, U →MΦ can be written as a composition
U → Spec k′ →MnΦ. That means there exists some triple (Ak′ , ιk′ , λk′) such that (AU , ιU , λU ) is the
constant triple obtained from it by base change through U → Spec(k′). Now, by Proposition 48, the
triple (Ak′ , ιk′ , λk′) can be obtained by Serre’s construction, after passing to a finite extension k
′′
of k′. By replacing the e´tale neighbourhood (U, u) of s with a smaller one, we can assume k′′ = k′.
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Then (Ak′ , ιk′ , λk′) ≃ (M,h) ⊗ (A0, ι0, λ0) for some (M,h) ∈ Hermn(OK), (A0, ι0, λ0) ∈ M
1
Φ(k
′).
Therefore (AU , ιU , λU ) ≃ (M,h) ⊗ (A0U , ι0U , λ0U ), where (A0U , ι0U , λ0U ) ∈ M
1
Φ(U) is the triple
obtained from (A0, ι0, λ0) by base change along U → Spec(k
′). 
Proposition 49 says if S is locally noetherian over a finite extension of L, each triple (A, ι, λ) ∈
MnΦ(S) can be obtained e´tale locally on the base S by Serre’s construction. In the next section this
is generalized to any locally noetherian S over SpecOL, and interpreted in terms of stacks on the
big e´tale site (Sch/OL)e´t.
3.4. Stackification. We assume that M1Φ(C) is non-empty. In Theorem 46 we showed this is
almost always the case. In particular, M1Φ(SpecOL0) is non-empty for some number field L0.
Recall some of the constructions from §2. The 2-group Herm1(OK) acts on Hermn(OK) via
ordinary tensor product. It also acts fibrewise on M1Φ (Definition 25), as a category fibred in
groupoids over Sch/OL . Put T = Hermn(OK)⊗Herm1(OK)M
1
Φ in the notation of §2. We then have
a functor T → Sch/OL coming from the M
1
Φ factor.
Lemma 50. The category T is fibred in groupoids over Sch/OL .
Proof. We apply Proposition 29 to deduce this, for which we need to show the action of Herm1(OK)
on M1Φ is free on objects (Definition 26), and that T is left-cancellative over Sch/OL (Definition
27).
For (a, α) and (b, β) in Herm1(OK) and (A, ι, λ) ∈ M
1
Φ(S), suppose (a, α)⊗(A, ι, λ) is isomorphic
to (b, β) ⊗ (A, ι, λ). We claim (a, α) ≃ (b, β). By considering a ⊗OK A ≃ b ⊗OK A on A-valued
points we get a ≃ b, so without loss we can assume a = b. An isomorphism (a, α) ⊗ (A, ι, λ) ≃
(a, β)⊗ (A, ι, λ) is in particular an OK -linear automorphism of the abelian scheme a⊗OK A, hence
of the form 1a ⊗ ι(r) for some r ∈ OK
×. To be an isomorphism of triples it must satisfy
α⊗λ = (1a⊗ ι(r))
∨ ◦ (β⊗ λ) ◦ (1a⊗ ι(r)) = (β⊗ λ) ◦ (1⊗ ι(r
σr) = β⊗ (λ ◦ ι(rσr)) = (rσr · β)⊗ λ,
which implies rσr · β = α. In that case the map µr : a → a, x 7→ rx gives an isomorphism
(a, α) ≃ (a, β). This shows the action of Herm1(OK) on M
1
Φ is free on objects.
To show T is left-cancellative with respect to Sch/OL , consider the functor T → M
n
Φ over
Sch/OL induced by the Serre tensor construction, which over the fibres TS coincides with ΣS . We
first show this functor is faithful. By Proposition 36 it is fully faithful on each fibre. Now suppose
α : T → S is a morphism in Sch/OL , and ξ1, ξ2 are maps (M,h)⊠ (A, ι, λ) → (N, k)⊠ (B, , µ) in T
lying over α, which are mapped to the same morphism in Sch/OL . Any such map factors through
γ = 1(N,k) ⊠ pT : (N, k) ⊠ (BT , T , µT ) → (N, k) ⊠ (B, , µ), where pT : (BT , T , µT ) → (B, , µ) is
the base change map in M1Φ. Then ξ1 = γ ◦ η1, ξ2 = γ ◦ η2, for morphisms η1, η2 lying over 1T .
The image of 1(N,k) ⊠ pT under T → M
n
Φ is the base change map in M
n
Φ, so it is in particular
strongly cartesian. That implies ΣT (η1) = ΣT (η2), which implies η1 = η2, since ΣT is faithful. This
shows T →MnΦ is also faithful. Now, since M
n
Φ is fibred in groupoids over Sch/OL , by Lemma 28
it is left-cancellative over Sch/OL . Then T is also left-cancellative over Sch/OL , by faithfulness of
T →MnΦ. Thus by Proposition 29, T is also fibred in groupoids over Sch/OL . 
By Proposition 36, for each S ∈ Sch/OL the functor ΣS : T (S)→M
n
Φ(S) is fully faithful. Since
T is fibred in groupoids over Sch/OL , the morphism T →M
n
Φ induced by the Serre construction is
also fully faithful.
We define Hermn(OK)⊗M
1
Φ to be the stack associated to the presheaf T on the big e´tale site
over SpecOL. Here we have suppressed the subscript Herm1(OK) from the notation to differentiate
it from T . Since the functor T →MnΦ is fully faithful andM
n
Φ is a stack, the presheaf T is already
separated. It follows that Hermn(OK) ⊗M
1
Φ is obtained from T by one application of the plus
construction. In other words, (Hermn(OK) ⊗M
1
Φ)(S) consists of descent data relative to e´tale
coverings of S, with the appropriate morphisms [15, Ch. 3, Lemma 3.2].
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We thus obtain a commutative diagram of categories fibred in groupoids
T
Sheafification
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦
Serre construction
!!❈
❈❈
❈❈
❈❈
❈❈
Hermn(OK)⊗M
1
Φ
Σ //MnΦ,
(△)
where Σ is the functor induced by the universal property of sheafication.
Our results so far can be summarized as follows: the functor Σ in the diagram (∆) identifies
Hermn(OK)⊗M
n
Φ with a full subcategory of M
n
Φ. Furthermore, when S is locally noetherian over
a finite extension of L, the induced functor (Hermn(OK)⊗M
n
Φ)(S)→M
n
Φ(S) is an equivalence of
categories, by Proposition 49. The fact that MnΦ is e´tale over SpecOL allows us to extend this to
characteristic p.
Proposition 51. Let S = Spec(k) for k a perfect field of characteristic p. The functor Σ in (△)
induces an equivalence of categories on the fibre over S.
Proof. Let Wk be the ring of Witt vectors of k, with fraction field Wk[p
−1]. Since MnΦ is smooth,
an object (A0, ι0, λ0) ∈ M
n
Φ(k) lifts to (A, ι, λ) ∈ M
n
Φ(Wk). By Proposition 48, after base changing
to a finite extension F of Wk[p
−1], we have an isomorphism (AF , ιF , λF ) ≃ (M,h) ⊗ (B, , µ) for
some (B, , µ) ∈ M1Φ(F ), and (M,h) ∈ Hermn(OK). Since B has CM, after possibly enlarging F
again it has good reduction, and its Ne´ron model B over OF is an abelian scheme [25].
By the Ne´ron mapping property, the action of OK and the polarization µ also lift to B, so we
have a triple (B, B, µB) ∈ M
1
Φ(OF ), and we can form (M,h)⊗OK (B, B, µB) ∈ M
n
Φ(OF ). Now it
is easy to verify that Serre’s construction commutes with taking Ne´ron models, so M ⊗OK B is the
Ne´ron model of M ⊗OK B. On the other hand, the base change A of A to SpecOF is also a Ne´ron
model for its generic fibre, which is again M ⊗OK B, so we have A ≃M ⊗OK B by uniqueness of
the model, which implies (A , ιOF , λOF ) ≃ (M,h) ⊗ (B, B, µB) by the mapping property.
Let k′ denote the residue field of OF , a finite extension of k. The isomorphism (A , ιOF , λOF ) ≃
(M,h)⊗(B, , µ) reduces modulo the prime ofOF to an isomorphism (A
′, ι′, λ′) ≃ (M,h)⊗(B′, ′, µ′)
over k′. Since (A′, ι′, λ′) is the base change of (A0, ι0, λ0) to k
′, we have shown that an arbitrary triple
(A0, ι0, λ0) ∈ M
n
Φ(k) arises from Serre’s construction after passing to an e´tale cover Spec(k
′) →
Spec(k). Thus on the fibre over Spec(k) the functor Σ is essentially surjective, and being fully
faithful by Proposition 36, is an equivalence of categories. 
We can now prove the main theorem.
Theorem 52. If M1Φ(C) 6= ∅, the functor Σ : Hermn(OK) ⊗M
1
Φ → M
n
Φ is an isomorphism of
stacks.
Proof. We will prove this by showing that Σ induces equivalences of categories on the stalks of the
geometric points of the big e´tale site on Spec(OL). By definition these are the geometric points
s → S, where S is a scheme locally of finite type over Spec(OL). Since OL is a Jacobson ring,
it’s enough to only consider geometric points s → S having image s ∈ S lying over a closed point
t ∈ Spec(OL) [19, II, Remark 2.17(b)]. In that case since S is locally of finite type, s ∈ S is closed
and k(t) ⊂ k(s) is a finite extension. As k(t) is a finite field, k(s) is perfect, and in particular
Proposition 51 applies to k = k(s).
Let (A, ι, λ) ∈ MnΦ(S) be a triple corresponding to a morphism S →M
n
Φ and suppose s→ S is
a geometric point whose image s ∈ S is closed, with k(s) perfect. We want to show there exists a
finite e´tale morphism U → S through which s→ S factors, such that the base change (AU , ιU , λU )
of (A, ι, λ) to U is obtained by the Serre construction.
Let (As, ιs, λs) ∈ M
n
Φ(k(s)) denote the fibre of (A, ι, λ) over s, which corresponds to the compo-
sition Speck(s)→ S →MnΦ. By Proposition 51 there exists a finite extension k
′ of k(s) contained
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in k(s), such that the base change (As′ , ιs′ , λs′) of (As, ιs, λs) to s
′ = Spec(k′) is isomorphic to
(M,h) ⊗ (B0, 0, µ0) for some (M,h) ∈ Hermn(OK) and (B0, 0, µ0) ∈ M
1
Φ(k(s
′)).
Now, let S(M,h) : M
1
Φ → M
n
Φ be the morphism of stacks over Spec(OL) given on sections by
(B, , µ) 7→ (M,h) ⊗ (B, , µ). Let S′ = S ×MnΦ M
1
Φ. We have a commutative diagram,
s // Spec(k′)
&&
(B0,0,µ0)
((
##
S ×MnΦ M
1
Φ
//

M1Φ
S(M,h)

S
(A,ι,λ)
//MnΦ,
where (A, ι, λ) and (B0, 0, µ0) label their corresponding morphisms intoM
n
Φ andM
1
Φ, respectively.
By the universal property of the fibre product, for any morphism U → S, the base change
triple (AU , ιU , λU ) arises from Serre’s construction with (M,h), if and only if the map U → S
factors through S′ → S. Thus Spec(k′) → S factors as in the diagram, since (As′ , ιs′ , λs′) ≃
(M,h) ⊗ (B0, 0, µ0). We wish to find a finite e´tale morphism of schemes U → S, which factors
through S′ → S, and through which s→ S factors. The former condition means that (AU , ιU , λU )
arises from Serre’s construction with (M,h), and the latter that U → S is an e´tale neighbourhood
of s→ S. We claim that S′ → S itself is an e´tale morphism of schemes, so that we can take U = S′.
We first note that S(M,h) : M
1
Φ → M
n
Φ is e´tale, proper, and representable by algebraic spaces.
Indeed, by Theorem 35 the stacks MnΦ and M
1
Φ are e´tale and proper over Spec(OL), so any OL-
morphismMnΦ →M
1
Φ is e´tale and proper. The morphism S(M,h) is also representable by algebraic
spaces, because tensoring with (M,h) is a faithful functorM1Φ(T )→M
n
Φ(T ) for any T ∈ (Sch/OL).
It follows that S′ → S is an e´tale and proper morphism of algebraic spaces. Now any separated and
locally quasi-finite morphism of algebraic spaces, in particular S′ → S, is representable by schemes.
Then since S itself is a scheme, so is S′.
Then if U = S′, and u is the composition s → Spec(k′) → S′, we have the desired e´tale
neighbourhood (u,U) of s → S. In other words, we have shown that for every triple (A, ι, λ) ∈
MnΦ(S), and every geometric point s → S whose image s ∈ S is closed, there exists an e´tale
neighbourhood of s → S such that the triple (AU , ιU , λU ) obtained by base change is in the
essential image of ΣU . Hence Σ induces an essentially surjective functor Σs/S on the e´tale stalks
at s → S. Since Σ is fully faithful by Proposition 36, Σs/S is an equivalence of categories. As the
points s→ S form a very dense subset of all geometric points of the big e´tale site over SpecOL, it
follows that Σ is an isomorphism of e´tale sheaves, hence an isomorphism of stacks. 
To prevent language from obscuring content, we restate the results in plainer terms below.
Theorem 53. Let S be a connected locally noetherian scheme over SpecOL.
(a) For every object (A, ι, λ) of MnΦ(S), and every point s ∈ S, there exists an e´tale neighbour-
hood U → S of s, as well as objects (M,h) ∈ Hermn(OK), (A0, ι0, λ0) ∈ M
1
Φ(U), such that
there is an isomorphism of triples
(AU , ιU , λU )
∼−→ (M,h)⊗OK (A0, ι0, λ0).
(b) For a morphism φ : (A, ι, λ)→ (B, , µ) of MnΦ(S), let {Ui → S}i∈I be a cover of S by e´tale
morphisms such that, as in (a), there are isomorphisms
ψi : (AUi , ιUi , λUi)
∼−→ (Mi, hi)⊗ (Ai, ιi, λi), ψ
′
i : (BUi , Ui , µUi)
∼−→ (Ni, ki)⊗ (Bi, i, λi).
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Then there exist (ai, αi) ∈ Herm1(OK), where ai = HomOK (Ai, Bi), and isomorphisms
fi : (Mi, hi)
∼−→ (Ni, ki)⊗OK (ai, αi), φi : (Ai, ιi, λi)
∼−→ (a∨i , α
∨
i )⊗ (Bi, i, µi),
such that ψ−1i ◦ φ ◦ ψi = ωi ◦ (fi ⊗ φi) for each i ∈ I, and ωi is a canonical isomorphism
((Ni, ki)⊗OK (ai, αi))⊗ ((a
∨
i , α
∨
i )⊗ (Ai, ιi, λi))
∼−→ (Ni, ki)⊗ (Ai, ιi, λi).
3.5. A simple example. Let (K,Φ) consist of a quadratic imaginary extension K/Q and an
embedding K ⊂ C. Let H be the Hilbert class field of K, and E an elliptic curve with CM
by OK , defined over H. Let F be a quadratic extension of H, and put A = Res
F
HEF . Then
AF ≃ EF × EF ≃ O
2
K ⊗OK EF . We claim A itself is not isomorphic to any M ⊗OK E
′ over H.
Assume A ≃M ⊗OK E
′. Since E′ also has CM by OK , E
′ ≃ Eτ for some τ ∈ Gal(H/K). Then
E′ ≃ a ⊗OK E for some fractional ideal a by the main theorem of complex multiplication. Hence
A ≃Ma⊗OK E with Ma =M ⊗OK a, so AF ≃Ma⊗OK EF . On the other hand AF ≃ O
2
K ⊗OK EF ,
so Ma ≃ O
2
K and A ≃ E
2. This is a contradiction, since ResFHEF is not isomorphic to E ×E.
Now fix  and the canonical µ such that (E, , µ) ∈ M1Φ(H). The product polarization µF ×
µF commutes with the automorphism of EF × EF that switches the factors, so it descends to a
polarization λ on A. Likewise, the OK-action on EF × EF descends to an ι on A, and we have
(A, ι, λ) ∈ M2Φ(H). We saw that (A, ι, λ) is not given by the Serre construction. However, the base
change (AF , ιF , λF ) is isomorphic to (O
2
K , h) ⊗ (EF , F , µF ), where h : O
2
K → (O
2
K)
∨ corresponds
to H((x1, x2), (y1, y2)) = x
σ
1y1 + x
σ
2y2.
Then (A, ι, λ) ∈ M2Φ(H) arises from the Serre construction only after passing to the e´tale cover
SpecF → SpecH. Equivalently, A is obtained by gluing two copies of O2K⊗OKE non-trivially along
the self-intersection of the e´tale neighbourhood SpecF → SpecH. The corresponding automor-
phism is given by (x, y) 7→ (y, x) on the O2K factor. Since that is not induced by an automorphism
of E, the same gluing can not happen in M1Φ(H). Thus sheafifying S 7→ Hermn(OK)⊗OK M
1
Φ(S)
accounts for objects glued together by automorphisms coming from Hermn(OK).
Final Remarks
The results of §1, in particular Theorem 17 and Proposition 18, are more general than the use
we’ve made of them. They may have further applications, for instance to moduli spaces of abelian
schemes with action by an order in a quaternion algebra.
Since Serre’s construction commutes with base change, Proposition 48 allows a description of
the action of Aut(C) on MnΦ, by relating it to the description of the action on M
1
Φ given by the
theory of complex multiplication [2, appx A]. We hope to further explore this in another article.
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